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Abstract

Cohomology is a tool which is used across mathematics. Cohomology theories such and singular and De
Rham cohomologies and invariant on topological spaces and manifolds respectively. Sheaf cohomology
generalises of these theories, which we introduce in this thesis. We begin by defining sheaves, which will
be associated to a given topological spaces. As we will see, the sheaf axioms embody properties useful in
solving local to global problems. In fact, we will introduce a class of sheaves for which the existence of
partitions of unity is inherent. Using the theory of sheaves, we generalize cohomology theory to the sheaf
cohomology, which resolves the cohomology of a space via a sheaf over said space. This will be carefully
defined via homological algebra, a branch of mathematics concerned with the algebraic study of homology
and cohomology. We then move on to exploring some of the possibilities of this theory, re-establishing
some of the facts familiar to cohomology theory. We conclude the thesis with a proof of the De Rham
theorem, which states that the singular and de Rham cohomology of a manifold are isomorphic; to sketch

potential applications of this theory.



CONTENTS ii
Contents

1__Introductionl 1

2

21 Set-theoretical sheaves . . . . . . . . . . . . . 2

[2.1.1  Sheafification: Constructing sheaves from presheaves| . . . . . . .. .. ... ... ... 4

2.1.2  Geometric sheaves| . . . . . . . . . . e 8

2.2 _Sheaves of Modules| . . . . . . . . . . e 10

2.3 Some Examples: Sections of Vector Bundles| . . . . . . ... ... oo 000, 13

13 Cohomology| 16

3.1 Some operations on sheaves| . . . . . . ... L 16

[3.1.1 Pushforward and pullback| . . . . . .. ... o 17

8.2  Exact sequences|. . . . ..o 19

[3.2.1  Some Properties of the Sheafified Image] . . . . . . . .. ... ... 0. 21

[3.2.2  Examples| . . . . .. e 22

8.3 Cochain complexes| . . . . . . . . . 23

[3.3.1 Cochain homotopy| . . . . . . . . . . 25

3.4 Resolution via Injective sheaves| . . . . . . . . . . .. o 25

[3.4.1 The comparison theorem| . . . .. . . . .. .. .. ... .. ... . 27

3.5 Cohomology via injectives| . . . . . . . . . . . e 29

4 Computing Cohomology| 31

[4.1  Functoriality of H™(—, —)| . - .« « o o o v 31

[4.1.1 Homotopy Invariance of Sheat Cohomologyl . . . . . . .. ... ... ... ... .... 32

4.2 Long Exact Sequence in Cohomology|. . . . . . . . . ... .. ... ... . .. 32

[4.2.1  Two Results in Homological Algebra] . . . . . . ... .. ... ... ... .. ... 33

422 Proof of Theorem M. 2.1 . . . . . . . . . . 36

4.3 Comparing Resolutions|. . . . . . . . . . . . 38

4.4 Acyclic sheaves| . . . . . . e 41

[4.4.1  Intermezzo: Paracompactness and Paritions of Unity|. . . . . . .. .. ... ... ... 41

4.4.2 Fine Sheaves| . . . . . . . . . e 42

[4.4.3  Flabby sheaves| . . . . . . . . . . 44

[5 " Cohomology Theories| 46

b.1  De Rham Cohomology| . . . . . . . . . . . 46

[5.1.1 Sheaf Cohomological Version| . . . . . .. .. ... ... .. 46

.2 Singular Cohomology|. . . . . . . . . . . L 47

[.2.1  Singular Homology| . . . . . . . . . . . . . 47

[5.2.2  Homotopy Invariance of Singular Homology| . . . . . . . ... ... .. ... .. .... 49

[0.2.3  Singular Cohomology| . . . . . . . .. 51

[5.2.4  Sheat-Theoretic Singular Cohomology| . . . . . . . ... ... ... . 0. .. 52

[5.2.5  Equivalence to the Classical Singular Cohomology|l . . . . . . ... .. ... ... ... 59

b.3  Concluding Remarks| . . . . . . . . . . . 57




CONTENTS iii
IA_Vector Bundles| 58
IB Category theory| 60
(B.0.1 Pullback and Pushoutl . . . . . . ... . 60

B.1 _Direct Tamitl. . . . . . . o e e 61

I



1 INTRODUCTION 1

1 Introduction

Invariants are an important tool in mathematics, as they are a useful in answering questions such as,
whether or not a 3-sphere and torus are homeomorphic. We have seen many examples of such invariants
in the bachelor, for example, in topology topological properties such as being Hausdorff or compact were
invariants as was the number of connected components of a topological space. In this thesis we aim to
introduce one another such invariant, which is called the sheaf cohomology. This invariant will assign a
sequence of modules to a topological space X. When these modules are vector spaces, this in particular gives
us numerical invariants such as the Euler characteristic.

In the first chapter, we introduce sheaf theory. A presheaf F over a topological space X is a mathematical
objects which assign, sets, groups, rings, etc. to opens U C X, in a manner that is consistent with some form
of restriction map. Then F is said to a sheaf if it satisfies two properties. These sheaf axioms encode useful
results that can be used to extend local properties globally. Many results pertaining to sheaves will involve
solving such problems. Sheaves will be defined by means of presheaves and we will describe several methods
for obtaining a sheaf from a presheaf which each give their different interpretations of sheaves. We will
also describe the sheaf category beginning with sheaves of sets and later extending the theory to sheaves of
modules. Finally, we finish the chapter by providing some examples of sheaves one of which will be important
in establishing the connection between the sheaf and de Rham cohomology.

In the second chapter, we will define the sheaf cohomology of a topological space X. From here on, we
will work with sheaves of some algebraic structure, to ensure the existence of the kernel of a sheaf morphism.
This is a necessary condition for defining exactness. We introduce some homological algebra concepts with
proofs which will allow us to properly define sheaf cohomology. These proofs will require some additional
theory which we discuss here. Using these tools the notion of cohomology being defined via an injective
resolution will be defined and shown to be meaningful.

The third chapter is devoted to results in sheaf cohomology. We will discuss the functoriality of sheaf
cohomology, and establish that this is an invariant up to homotopy for locally constant sheaves of abelian
groups. Several other results will be discussed such as how we can obtain a long exact sequence in cohomology
from a short exact sequence of sheaves, this result will be important in proving some of our later results. We
then end the chapter by defining two new classes of acyclic sheaves. Of importance here is that we show that
resolving a sheaf by any class of acyclic sheaf induces a cohomology isomorphic to the sheaf cohomology. The
theory of this chapter is developed in greater generality than required for the final chapter.

In the last chapter, we apply the developed theory to proving the de Rham theorem, which posits that
the singular and de Rham cohomologies of any manifold are isomorphic. Our aim is that this motivates the
theory of sheaf cohomology developed. Also, we define singular homology and establish some basic facts.

We have striven to assume minimal prior knowledge of mathematical concepts beyond the second year
bachelor level. Unfortunately, this was not possible at all points in the thesis. In particular, we assume
the reader has a basic working knowledge of manifold theory, books such as [1] and [2] provide a good
introduction. Additionally, the reader should have some knowledge of the axiom of choice and Zorn’s lemma
which are both briefly introduced in [3]. Furthermore, for further topics we touch on that are not relevant
enough to be included in the thesis, we created two brief appendices. Appendix A gives a definition of vector
bundles, whose sections, as we will see, are fine sheaves. On the other hand, Appendix B discusses some
category theoretical concepts which we use throughout the thesis, of note we define the direct limit and show

it preserves exactness.
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2

2.1

Sheaves

Set-theoretical sheaves

In this section we introduce the notions presheaf and sheaf. We will also provide some examples and discuss

sheafification. Most of the definitions lemmas and propositions are from Sheaf Theory by T.A. Springer [4]

with a few adaptations by us. We begin by defining the presheaf:

Definition 2.1.1. Let X be a topological space. A presheaf P is an object that assigns to every open
U C X some set P(U) along with some maps p}; : P(V) — P(U) such that

i.

ii.

For an open U C X, pf} =idy
For opens U C V. C W C X, composition is transitive, that is, p}; o pl¥ = pl¥

O

So given a topological space X, a presheaf on X assigns data to opens in X in a manner consistent with

some form of restriction maps. Here are some first examples:

Example 2.1.2. Let X be a topological space.

An example is the presheaf of continuous functions. We define P : U — €x (U, R) and py; : €x (V) —
€x(U), f — flu as the restriction of continuous functions on V' to U. In this case the restriction
maps are neither injective nor surjective in general. Take for example, X = [0,1] C R with the subset
topology, then clearly we can choose a restriction and piece-wise functions such that the restriction is

not injective. Namely, consider the two functions 1 and

2 x<1/2
1 x>1/2

then obviously restricting to (1/2,1] gives the same function. Now let U = [0,1/2) and V' = [0, 1], then

the function z — ﬁ

5 is continuous on U yet not on V, hence pg is not generally surjective.

The constant presheaf is another example of importance later on. Let A be some set and let Ax be a
presheaf on X where for any U C X open Ax(U) = A and the restriction maps are simply the identity
on A.

A

We will not study presheaves independently in this thesis, rather, presheaves are a component of the

definition of a shealf.

Definition 2.1.3. Let (U;);er be an open cover of an open subset U C X, then a sheaf S is a presheaf such

that:

i

ii.

(Local) If s,t € S(U) such that for all i € I, pg (s) = pp. (t) then s = ¢. That is, when s,¢ coincide
locally for all points € U, then s = t.

(Gluing) Let (s;)ier € WierS(U;) so that for all 4,5 € 1, pgszj (si) = pgfmUj(sj), in other words, so
that s; and s; agree on their intersections. Then there exists an s € S(U) such that pgi (s) = s; for all

1. This s is called the amalgamation.
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Let 7 be a sheaf over X such that for all U C X, T(U) C S(U), we call T a subsheaf of S. O

As we can see, these properties are particularly useful in local to global problems. The locality axiom
allows us to conclude that two object are equal if locally they are equal and the gluing axiom allows us to

for example conclude some property holds on all of U if it holds locally on the U;.

Example 2.1.4 (Sheaf of functions). Let X be a topological space. Denote the presheaf of functions by F
with for any open U C X, F(U) :={f : U — R}. Where for any V D U open the restriction map is defined
as pf; (f)(z) = f(z) for any x € U, so p;(f) = flu. Now let (U;);er be a family of opens with union U.

First we prove F is local. If f,g € F(U) : p§J (f) = pf,(g) for every i € I, then in particular f(z) = g(z)
for every x € U. Hence clearly f = g.

Next we prove glueability. Let f; € F(U;) such that pg,:hUj (fi) = pgijj (f;) for all ¢, j € I (in words, the
fi are the same on their intersections). We define the amalgamation f : U — R by, f(z) = f;(z) for x € U;.
Clearly f is well-defined since if z € U; N U; for some sufficient 4, j, then f;(z) = f;(x).

In particular, the continuous presheaf mentioned in Example is also a sheaf. This follows from the

above argument, as well as from the pasting lemma. A
Example 2.1.5 (Non-examples). Obviously not all presheaves are sheaves, here are two nonexamples:

o Take, for example, the presheaf P(U) := €x (U x U) with restriction map the restriction on functions
oV (f) = fluxu, f € P(V). Neither properties of the sheaf hold. Namely, for a family of opens (U;)ier
with union U # X the equality U;e;U; x U; = U does not generally hold. Since this is the case, the

locality and gluing properties cannot generally hold true.

e Another non-example of a sheaf is the constant presheaf Ax from example Namely, let Uy, Uy C X
be opens and s; € Ax(U;) = A and so € Ax(Us) = A. Suppose s is their amalgamation. Then

pg;UU"’(s) =id4(s) = s; and pg;UUQ (s) = ida(s) = s2 s0 81 = s2 which is not generally true if |A] > 1.

A

However, as we will see, we can generate a sheaf from every presheaf that is unique up to isomorphism.
To accomplish this we will want to partition the set of all elements that the presheaf maps to by how they
relate locally. Defining the equivalence relation that achieves this is a straightforward way of constructing a
sheaf from a presheaf as we will see in Example

Definition 2.1.6. Let P be a presheaf on X and let € X. The stalk of P at x is defined as
Py :={(s,U): U C X open ,z € U,s € P({U)}/ ~.

Where for s € P(U),v € P(V),s and v are equivalent if, and only if, there exists an open neighborhood W
of x such that W C UNV and p¥,(s) = p}i;(v). We denote [s], as the equivalence class represented by
s € P(U) such that € U. This is written compactly in terms of the direct limit (see Appendix B), where

the direct system is partially ordered by reverse inclusion, as,

P, = lim P(U).
zeU
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Example 2.1.7 (Godement Sheaf). Consider a set X endowed with the discrete topology and let P be a
presheaf of X. Then the map Gp : U — Il,cyP, defines a sheaf, called the Godement sheaf associated
with the presheaf P. This clearly defines a presheaf with for any pair of open sets U,V C X the map
pg : MyeyPr = Mpeuy P Now to prove this is a sheaf. Consider an open family {U; };c; with union U and
let s,t € Gp(U) such that for all i € I, pf; (s) = pg, (t). Then in particular for any x € U there exists an i € [
such that x € U; and hence s, = t, (where here (Il,cyUs,), = U). Hence s = t. Now consider s; € Gp(y,)
such that pgﬁmUJ (si) = pgij]_(sj) for all ¢,5 € I. We want to show this has an amalgamation s. We know
that for any ¢,j € I, for all x € U; NUj, (8:)e = (s;)2. Hence assuming the axiom of choice we can construct
s by choosing for the z—th component representative s, of the equivalence class (s;), where i € I : z € U,
hence giving us an amalgamation s := II,cys,;. We make no further mention of the axiom of choice in this

thesis, assuming the spaces we work in are sufficiently simple. A

A natural question we may have is whether or not there is a way to construct sheaves from presheaves.

The answer to this question is yes and as it turns out there is such an operation defined by a universal

property.

2.1.1 Sheafification: Constructing sheaves from presheaves

To be able to discuss this operation we first need to define the categories, that is the objects and morphisms.

By considering the presheaves over a fixed topological space X, we can define the morphisms as follows:

Definition 2.1.8 (Morphism of presheaves of sets). For two presheaves on X, S,,T a function ¢ : S — T
such that for all opens U C X ¢(U) : S(U) — V(U) is a morphism of presheaves when the maps p commute
with ¢. That is given opens U C V and the restriction map py; in S, p¥ in T the following diagram

commutes,
S() = T(U)
Pv py
S(V) - (V)

Of course, as with any category, we want to ensure compatible morphisms can be composed.

Remark 2.1.9 (Composition of morphisms). We can easily prove the composition. Given presheaves S, T, P
on X and morphisms f:S — T and g: T — P, g o f must also be a morphism. Clearly go f: S — P isa
map. Let U C X open, we define go f(U) := g(U) o f(U) such that go f(U) : S(U) — P(U). So clearly the
first property holds. Let V' C U open. Note that since each of the two squares commutes in the following

diagram, the diagram commutes.

s) —2— 1) —2— P)
oy o i
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Thus suitable morphisms are composable. O

Definition 2.1.10. A morphism of presheaves ¢ : S — T is said to be an isomorphism if there exists a
morphism ) : T — S such that ¢ o is the identity morphism on 7', which for all U C X open and s € T'(U)
is defined as idr(U)(s) = s and ¢ o p = idg. O

Remark 2.1.11. Throughout the thesis we may denote the set of C—valued sheaves over X as She¢(X). For
examples, we will refer to the set of sheaves of R—modules on X by Shz_meda(X). O

Note that morphisms, and hence also isomorphism, of sheaves are the same as morphisms and isomor-
phisms of presheaves, only then between sheaves. In particular, for a isomorphism of presheaves, p : S — T if
S is a sheaf, then T is also. With this in mind, we can associate every presheaf to a sheaf. This is particularly
useful in situations where we want to construct sheaves, for example when considering the image sheaf of a
morphism of sheaves. The following proposition gives one such construction, using the Godement sheaf, we

will provide a detailed proof of this statement and its associated universal property here.

Proposition 2.1.12 (Sheafification, |4, Proposition 2). For a presheaf P on X there exist a pair (FP,«)
consisting of a sheaf F'P and morphism « such that for every sheaf S and morphism 5 : P — S there is a
unique morphism v : FP — S such that 8 = va.

FP~
For completeness we write out the details of the proof outlined in [4].

Proof. We define
FP(U):={g € Gp(U) : Vo € U3 open neighborhood U’ C U of z and s € P(U’) : Vy € U’ g, = pr'(s)}.

In words, g € FP(U) if g € Gp(U) such that for all € U there exists an open neighborhood of z, U' C U
and and s € P(U’) such that for all y € U’ g, = pgl(s). So FP(U) is a subset of the godement sheaf Gp(U)
(defined in Example such that locally, in some neighborhood U’, the elements are the projection of
some element in the presheaf P(U’) onto the stalk.

FP is a sheaf and « is a morphism such that for every open U C X, o(U) : P(U) — FP(U), s —
HIGUPIU(S)

The fact that F'P is a presheaf is clear, the restriction maps can be defined by means of those from the
Godement sheaf. Now we prove it is a sheaf. Let (U;);c; be an open family with union U. Locality follows
by a similar arguments as for the Godement sheaf. The construction of s for the amalgamation property is
identical, we need only to show s € FP(U). Let € U then there exists an ¢ € I such that z € U;. Take
the s; € FP(U;) from the construction clearly for all y € U; there exists an open neighborhood y € U’ C U
and a t € P(U’) such that t, = s;, = s, for all y € U’ NU; hence locally s is the image of some element in
presheaf P thus s € FP(U). So FP is a sheaf.
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Now we show « is a morphism of presheaves. Let U C X open and s,s’ € P(U) since a(s), = pY(s)
for all x € U (so a(s) € FP(U)) and s = s implies that p!(s) = pU(s") hence a(s) = a(s’). Thus a is
well-defined. Now let U C V C X opens, pg, p'(}/ be restrictions in P, FP respectively. For any s € P(V),
ao pli(s) =ueupY (pfi(s)). Now pY(pf(s)) = p¥ (s) since s ~ py;(s) by definition and therefore

HIGUP:‘;(S) = p/(}/(HxGVpX(S))'

Consequently,
a(U)(pyr(5)) = Waevpg (pp(s)) = ptf Maevpy (5) = pif (@(V)(s))

SO « is a morphism.
For any sheaf S and morphism g :P — S there is a unique morphism v : FP — S

Let S be a sheaf and g : P — S a morphism. We prove existence of v. We define ag : S — FS with
as(U) : s = I,eppY(s). We note that ag is a isomorphism iff S is a sheaf (we outline the proof in 2. in
Remark .

Now let us define a morphism ¢ : FP — F.S such that v = agl o ¢ (where agl is an isomorphism
by the previous paragraph). Consider any s € FP(U). Let x € U, by definition of FP there exists an
open neighborhood U, C U of « and an s, € P(U,) such pgz (s) = sz. Now let s = I cpy[s.]. such that,
o(U) : Upev[sz)e = Meev[B(sz)]z- Indeed

as(B(5)) = Maev[B(s)la = @ o als).

1is a morphism we need only to show that ¢ is one.

Now to prove v is a morphism of presheaves, since o

Since $ is a morphism for ¢t € P(V') we have that s, ~ t if, and only if, 5(s,) ~ B(t) as the first equivalence
is true if, and only if, there exists an open W C U, NV such that pY#(s) = piy(t) and B commutes with
the restriction maps. Hence ¢ is a well-defined map. Clearly ¢(U) maps FP(U) into FS(U) since for all
x € U there exists an open neighborhood of z, U’ C U and s € P(U’) such that for all y € U, [sy], = pr/ (s)
by definition of FP(U). Now under ¢, [B(sy)]y = pfyU/ (B(s)) so o(U)(FP(U)) C FS(U). From this we also
obtain that ¢ commutes with restriction maps, so ¢ is a morphism.

Finally we prove the uniqueness of . Since ag is an isomorphism this amounts to the uniqueness of .
Let ' : FP — FS be any morphism such that ¢’ o ag = ag' o 8. Let s € FP(U) for any x € U there exists
an open neighborhood of z, U, C U and s’ € P(U]) such that s, = pr;(s’) = a(s’), for all y € U,. Since ¢’
is a morphism,

P (9'(5) = ' (pg (5)) = ¢ 0 als) = ag' o B(s) = poals') = pir, ((s))-

Now since (U],)rcx is an open family with union U, by property i. of F'S ¢(s) = ¢’(s). Proving the claim. O

Later on we will discuss sheaves over different categories than sets. It is important to note that this
universal property does not immediately extend to sheaves over any category. Later on when discussing

sheaves over modules we will have to verify this does indeed hold.

Remark 2.1.13. Sheaves and the sheafification have several interesting properties of note.
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1. The pair (F'P,«) in Proposition is unique up to isomorphism. This is a direct consequence of
the universal property of sheafification. Let F’P be a sheaf and o/ : P — F’P a morphism such that
these satisfy the universal property for sheafification. Choose first, 3 = o’ and T' = F'P, then there is
a unique v : F'P — F'P that is a morphism of sheaves by the universal property. Now, on the other
hand, since (F'P, ') also satisfies the universal property we can choose § = a and T = F'P to obtain
morphism ' : F'P — FP. Now, v/ o~y : FP — FP is the unique map satisfying the universal property
for given (F'P,a), yet the map Id,(g) also satisfies the property, thus by uniqueness 7' oy = Id, (s)-
Likewise yoy' = Id,, (s), therefore, 7 is sheaf isomorphism. The « is determined by F'P, as consequence
the pair is unique up to isomorphism. This proof employs a standard technique used in category theory,
this argument was written by the author with inspiration from an argument in Topologie and Meetkunde

of another statement.

2. ag: S — FS is an isomorphism iff S is a sheaf. That S is a sheaf given isomorphism ag follows quite
quickly by the sheaf axioms. The converse follows quite easily from the universal property, as pointed

out by my supervisor. Consider the following diagram,

S ﬁd S
al ///,/,;"
FS

we see there exists a v such that v o « is the identity on S. Additionally, we may also conclude by the

first diagram that,
S —*—+ FS

|

FS

commutes. Now by the universal property, since replacing o~y by the identity also makes this diagram

commute, o oy = id.
O

By the above remark, given a morphism ¢ in the category of sheaves the above proposition allows us to

construct a morphism Fy : FA — FB that is unique up to isomorphism. This leads to the following result.

Corollary 2.1.14. F is a functor between the category of presheaves and sheaves. That is, given any
presheaf P, FP is a sheaf and we can also sheafify any morphism of presheaves ¢ : S — T be F to obtain

Fy: FS — FT, in a manner that preserves identities and composition.

Proof. In the universal property we saw that any presheaf P is sent to sheaf F"P. Hence we need to verify that
we can F' maps a morphism of presheaves to a morphism of sheaves. Let S, T be presheaves and f: S — T

be a morphism. This induces morphism of sheaves,
Ff(U) : FS(U) - FT(U)aanU[Sz]a: = HzEU[f(Sz)}w-

A trivial verification shows that this is indeed a morphism and that F' maps identity functions to identity

functions and preserves morphism composition. O

We determine this categorical relationship as it allows us to more easily construct sheaves for interesting

objects we may want to study, as we will see when studying the kernel of sheaf morphisms. In this case,
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as we will see it will be important to also be able to discuss the sheafification from another point of view.
Therefore we will discuss a construction equivalent to the above in the sense that the two induced sheaves

are isomorphic. For this construction we study geometric sheaves (étale spaces).

2.1.2 Geometric sheaves

The following definition and lemma are re-wordings of the constructions of the étale space given in [5] and

[4]. We begin by defining a local homeomorphism:

Definition 2.1.15. A local homeomorphism is a map # : A — B where A, B are topological spaces
such that for every x € A there exists an open neighborhood U, of x such that w|y, : Uy — 7(Us) is a

homeomorphism. O

Example 2.1.16. Consider the two copies S [[ S of some topological space Sy and the map = : S; [[.S1 —
S1 that canonically projects each component of Si[[S1 onto S;. Clearly =g, ;) for i € (0,1) are homeo-
morphisms hence 7 is a local homeomorphism. In particular we see in this case that 7 is not injective. A

Remark 2.1.17. Also any local homeomorphism is maps opens to opens (is open). Namely, 7: A — B be
a local homeomorphism and U C A open. For any « € U, there is a U, such that 7|y, is a homeomorphism.
In particular, its restriction to U N U, is a homeomorphism. Now, Uycym (UNU,) = 7 (UpgeyUNU,) =
7m(U). So since B is a topology m(U) C B is open. As with local diffeomorphisms, if 7 is a bijective local

homeomorphism, 7 is a homeomorphism. O

Definition 2.1.18. Let 7 : A — B be a surjective local homeomorphism, then for an open U C B a section

is a continuous map s : U — A such that 7o s = idy. O
This allows us to define the étale space of a sheaf to which we can associate a sheaf.

Definition 2.1.19. Let S be a presheaf on X. Define S[X] := [[,. x S, to be the topological space generated
by topology basis B(s,U) := {[s], : € U}. S[X] is called the étale space of S.
Then we define the etale sheaf associated to S by S.(U) := {5 : U — S[X] : § section}. ¢

Additionally, the following properties hold for the particular topology chosen on S[X].
Lemma 2.1.20. Let S be a presheaf on X. Then:

i. S[X] has the finest topology for which all the sections §: U — S[X],x +— [s], are continuous.

it. The projection map m: S[X] — X is a local homeomorphism.

Proof. We prove the first claim and discuss the second,

i. Let U C S[X] and [s], € U (with s € S(U) for some open U C X), then for the section 5 we find that
51 (U) ={x € U : [s], € U}.So U is open precisely when there is an open U’ C U : 5~ 1(U) = U,
hence when U = {[s], : € U’}. So the topology for which all 5 are continuous can contain any
B(s,U) = {[s]¢ : * € U} for any U C X open and s € S(U). This is a basis of topology and hence
we can construct a topology 7 so that the property holds. All opens in 7 can be characterized by the

following property:
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Uer < forevery [s]z € U there exists an open neighborhood U C X of z such that
[s]l.s € U for all ' € U.

Suppose now there is a strictly finer topology 7 C 7’ such that all these sections are continuous.
Then there must exist a C' € 7/ and a point [s], € C for which there is no open U C X such that
{[s] : = € U} € C. In other words, $7!(C) is not open in X and hence § is not continuous, a

contradiction.

ii. The following proof can also be found in [5]. The idea is that we show that the restriction of 7 to
any element in the topology basis is a local homeomorphism. Let U C X open and s € S(U) then
for 7| p(s,vr), the inverse is given by x — [s], so 7|(s,vy is a bijection. Now we characterize the opens
in B(s,U). Given B(s,U), B(t,V) the intersection is given by B(s,U) N B(t,V) = {[s]y : ¢ € W :=
WW' cUNV : W open, p.(s) = piy(t)}} = B(p¥,(s), W) = B(s,W) (in words W is the largest
open on which s and ¢ coincide). Hence any open subset of B(s,U) is of the form B(s, V) for some
V' C U open. Consequently, for any open V' C B(s,U) there exists a V' C X open so that V = B(s, V’)

and hence 7| p(5,1)(V) = V’, thus the inverse is continuous. Hence 7 is a local homeomorphism.
O

The étale sheaf is indeed a sheaf and since we can construct morphism of presheaves a(U) : S(U) —
Se(U), s +— § (where § is the section associated with s defined by x +— [s],) for which the universal property
described in Proposition holds, we conclude by the uniqueness up to isomorphism argued in part 1
of Remark that the two are isomorphic. This allows us to view a sheaf as both a sheaf and an étale

sheaf. Furthermore,
Lemma 2.1.21. The universal property described in Proposition [2.1.12 holds for étale sheaves.

Proof. We will not prove this. A similar approach could be taken as with the other, constructing the maps

a and v and verifying these satisfy the universal property. See [6] for a proof. O

Definition 2.1.22 (Constant and locally constant sheaf). Given a constant presheaf Ax, we denote the
associated constant sheaf by A (e.g. given the constant presheaf Rx, we obtain the constant sheaf R). Let
S be a sheaf on X. This is said to be locally constant if for every x € X there exists a neighborhood U of
2 and constant sheaf V such that S|y is isomorphic to V. Where here we consider the canonical restriction
of Son X to S|y on U. O

Example 2.1.23 (Constant sheaf). Let A be any set. Recall, we define the constant presheaf Ax on X
as, Ax(U) = A and p}; =1Id4 for U C V. For any = € X the stalk is given by

Sz = {[s]z : s € C(U) for neighborhoord U of x} = {[s], : s € A}

which is bijective to {z} x A since s ~ t precisely when s = t as elements of A. Hence since I, cyS, is

bijective to [[, ., A the associated sheaf is (bijective to),

FCU)={g¢€ H A :Vz € U,3U" C U open neighborhood of z,s € C(U) = A: g, = pr(s)Vy e U}
zeU
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since elements of [] ., A can be seen as maps X — A and any g € FC(U) is locally constant, the associated
sheaf essentially maps U to the locally constant functions U — A. These are two representations of the
constant sheaf.
The associated etale sheaf
C.(U)={5:U— H Sy : § section}
zeU
which is bijective to C'(U, A) since 5 section and [] . S, bijective to X x A implies that 5 is in bijective
correspondence with functions f : U — X X A such that m; x f = idy and f is any continuous function in
the second coordinate (where A is endowed with the discrete topology, so this indeed amounts to the one

obtained by sheafification). A

Example 2.1.24 (Non-Hausdorff etale space). In general an etale space need not be Hausdorff. As also
mentioned in lemma 1.1.30 of [6], and proven by identical means in a more general setting, given a smooth
manifold M, the sheaf of smooth function, C*° : U — C*°(U) for U C M open, has a non-Hausdorff etale
space. For some p € M the stalk C7° is the set of equivalence classes germs, where an equivalence class
is of course the sets of functions that are equal in some neighborhoord of p. Consider the smooth function

f € C°°(M) whose set of nonzero points
U={zeM: fz)#0} C M

is open, and the zero function denoted 0 € C>°(M). Let ¢ € OU and Uy, Uy be open neighborhoords of f
and 0 in the etale space C*°[M]. Since the projection map is a local homeomorphism (as posited in Lemma
, we can choose these neighborhoods to be sufficiently small such that they are homeomorphic to open
sets w(Uy), m(Up) in M. Since f ~ 0 in the stalk around ¢, Uy N Uy # @ and hence

T(Uyp) Nm(Uo) =7(Uy NTy) # @

is an open neighborhood of ¢. Thus there must exist a point y € m(Uy N Up) N (M\U), in which of course
[f]y = [0]y. Now given the basis for topology of the etale space, any neighborhood of [f], has non-trivial
intersection with any neighborhood of [0],. Thus, C°°[M] is not generally Hausdorff. A

Now that we have considered first examples of working with sheaves we move on to defining some opera-

tions.

2.2 Sheaves of Modules

So far we only considered set-theoretical sheaves while in reality we will be interested in studying sheaves
with some inherent algebraic structure. For example we may consider the sheaf of abelian groups. In this
case a sheaf S on X is said to be a sheaf of abelian groups if for every U C X open, S(U) is an abelian
group. In this case morphisms of sheaves ¢ : S — T are also required to be group homomorphisms as
o(U) : S(U) = T(U) for each U C X. We may also consider S to be a sheaf of rings in which case the S(U)
are rings and the morphisms are ring homomorphisms for every U C X. In this text we will be considering
sheaves over algebraic objects as in the previous example where we considered the C'*° sheaf which is a sheaf
of rings as we will see. In this thesis we will make the choice of sheaves of modules which do implicitly require
the definition of a sheaf of rings. For this we will follow the lecture notes of Andrew Lewis (|6]) as a reference.

Recall that a module is defined as follows,
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Definition 2.2.1. Let (R, +,-) be a ring. A set M with the operations:
1. + for which (M, +) is an abelian group
2. X :Rx M — M, (r,m) — r-m an action on M such that for any r,s € R, m,n € M

(Distributive) (r+s) xm=rxm+smandr x (m+n)=rxm+7rxn

(Associative) r-s x m=1r x (s x m)

Additionally if we further impose 1 € R,

(Unital) 1 x m=m

O

Often we leave out the - and X in our computations. While technically this defines a left-module, we will
be considering commutative rings and hence do not make the distinction. The morphisms in this category

of R—modules are defined as:

Definition 2.2.2. Given R—modules M, N, an R—modules homomorphism is a map ¢ : M — N respecting

the R—module structure, that is:
e Forall z,y € M, p(z +y) = o(x) + ¢(y)
e Forall 7 € Rand m € M, p(rz) =ro(x)

O

Remark 2.2.3. We made the choice of sheaves of modules consciously. Recall that there is a 1-1 corrospon-
dence between Z—modules and abelian groups, that an R—module R is really a ring and if R is a field an

R—module is a vector space. Hence defining the theory via modules, is a generelization in some sense. O
We can extend the notion of presheaf to rings, which we will need for presheaves of modules

Definition 2.2.4 (Presheaf of rings). Let X be a topological space. A presheaf of sets U — R(U) for which

R(U) is a ring and the restriction maps are ring homomorphisms is a presheaf of rings. O

Example 2.2.5 (C¥ as a presheaf of rings). Let X be a topological space. Remember that the restriction
maps of C¥ are just function restrictions. Given U C X, C¥(U) has a ring structure given by pointwise
addition and multiplication of functions. For U C V C X opens and f,g € C¥(V), the restrictions have the

ring homomorphism properties

P (f+9) = (f+9)lv = flu +glv = pl(f)r(9)

and
ol (f9) = falu = fluglu = pl (et (9)-

A
Definition 2.2.6. Consider a presheaf of sets M over a topological space X and presheaf of rings R. We
call M a presheaf of R—modules if for every open U C V C X M(U) is endowed with a R(U)—module

structure such that the restriction map pg of M is an R(V)—module homomorphism. That is the restriction

map has the following properties:
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—_

. pY is the identity

For open V.C W, pi¥ = p¥ o pl¥
Under + the restriction map p}; is a group homomorphism
We have the following commutative diagram,

X

R(V) x M(V) ————— M(V)

L 2

R(U) x M(U) —————— M(U)

X

such that M(U) becomes an R(V)—module with multiplication (r,m) — p¥ (r)m.

O

Definition 2.2.7 (Sheaf of modules). We say that a presheaf M of R—modules on X is a sheaf of modules
if both R and M are sheaves in the sense of [2.1.9] O

Definition 2.2.8 (Morphisms of presheaves of modules). Let M, N be presheaves of R—modules over X.

A morphism ¢ : M — N of R—modules is a morphism of presheaves of sets such that for any U C X open
o(U) : M(U) = N(U) is an R(U)—module homomorphism. O

Remark 2.2.9. Similarly to morphisms of presheaves and sheaves of sets, a morphism of sheaves of R—modules

is simply a morphism of presheaves of R—modules for which the domain and range are both sheaves of

R—modules. Since we can compose module homomorphisms, we find by Remark that morphisms of

presheaves of modules can also be composed. O

Definition 2.2.10. Our notion of sheafification also holds for presheaves of rings and modules:

(Ring sheafification) Let R be a presheaf of rings. We define the sheafification of R as the sheafification
F'R for sets given some additional operations. Given f,g € FR(U) we remember that for every x € U
there exists a sufficiently small V C U such that f, = [f], and gy = [g]y for appropriate f.geR(V).
We then define:

e+ Gle = F +3la [fla[3le :==[F -3l

Using the gluing property (since F'R is a sheaf of sets) these operations can then be extended to the
global setting on U. Thus giving FR(U) the ring structure. Using this we see that components-wise
the restriction maps are ring homomorphisms. Namely let pg be a restriction map of F'R then it is the
restriction p’(}/ |Fr(v) of the restriction map p{}/ of the Godement sheaf G defined in Example
which preserves these newly defined ring operations components-wise. So F'R is both a presheaf of
rings and a sheaf in the sense of therefore a sheaf of rings.

(Module sheafification) Let R be a presheaf of rings and M be a presheaf of R—modules. We define
the sheafification of M as the sheafification FM for sets such that FM is a sheaf of F'R—modules
under the FR(U)-module operations defined components-wise on FM(U):

[82] + [Er] =[5+, [fo] X [82] = [f X 8]z
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Where s,t € FM(U), f € FR(U) and x € U and for some open V C U sufficiently small such that
there exist f € R(V) and §,# € M(V) such that [flo = faz,[5ls = s and [f], = t,. Under these
operations the restriction maps pg do indeed become R(V)—module homomorphisms. Thus by above
FR is a sheaf of rings and F.M is both a presheaf of modules and a sheaf in the sense of Therefore
FM is a sheaf of modules.

O

The universal property of sheafification still holds for these sheafifications. For the proofs and generally
more details on the constructions of sheaves of rings and modules we refer to [6]. Note however that sheafi-
fication there is defined by the more conventional approach via étale spaces. This is no problem though, as
there is a 1-1 correspondence between the sheafification and étalification of a sheaf. As we will see when
discussing operations on sheaves it is a useful tool to be able to interpret sheaves as étale sheaves. In fact,

as done here, we could have immediately defined étale sheafification instead of sheafification.

Proposition 2.2.11 (Sheafification for modules). Let R be a sheaf of rings and M be a presheaf of
R—modules on X. There exist a pair (FM,1ppq) consisting of a sheaf of R—modules FM and morphism of
R—modules 1ppq : M — FM such that for every sheaf N of R—modules and morphism ¢ : M — N there
is a unique morphism ¢ : FM — N such that ¥ = ¢ o 1p .

M i » N
M ) /’/3/1;
FM

Also the étale sheaf M. and sheafification FM are isomorphic.

Proof. The universal property follows from Proposition 2.1.12] and the fact that we can show that all mor-
phisms of sheaves of sets in the diagram are in fact morphisms of sheaves of modules, we will not prove
this. Similarly Proposition 1.1.107 in [6] tells us the étale sheaf M, (which is the etale space as the sheaf
of sets with the module operations defined stalks-wise as in Definition 1.1.105 [6]) also satisfies the universal

property, which proves the last claim. O

2.3 Some Examples: Sections of Vector Bundles

For a definition of vector bundles see Appendix A, we will consider smooth vector bundles in this section.
The definition of smooth vector bundles enforces some smooth structure between neighboring vector spaces
assigned via the vector bundle. For a given vector bundle (E, M, 7 : E — M), this allows us to define smooth
maps between the vector spaces F, given a sufficiently small neighborhood U C M, allowing us to consider

the sections of a smooth vector bundle:

Definition 2.3.1. Given a smooth vector bundle (E, M, 7 : E — M) and some subset U C M, a section is
amap o : U — F that satisfies m o 0 = idy. O

Note that by definition a section is an injective smooth map. Also, given a section o : U — E, we have
that o(p) € E, for any p € U. In the case of the tangent bundle T'M the sections are vector fields on M.
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From every vector bundle, we can obtain a sheaf of sections. Namely given an open U C M, we define
I'(—,FE) asT'(U,E) :={s: U — E : s section}.

Lemma 2.3.2. Let (E, M, ) be a smooth R—vector bundle on M. ThenT'(—, M) is a sheaf of C53—modules
on M.

Proof. Proof by author, we use exercise 10.11 in [2] as inspiration. We claim that each T'(U, M) is a module.
We know that C$3(U) is a commutative ring under point-wise addition and multiplication. Also, since the
composition of the function, ¢(p) = Og,, with a local trivialization is a function p — (p,0), ¢ is in fact
smooth and a section, thus ¢ = 0 € T'(U, M) so T'(U, M) has an additive identity. Under addition I'(U, M)
is an closed, since given two s,t € I'(U, M), s(x) + t(z) € E, for all z € U as E, is a vector space. Now
s+t:U — E is a smooth function such that 7o (s +¢) =idy so s +¢ € I'(U, M). The fact that addition is
associative and commutative follows point-wise from the vector space structure. By a similar argument each
element has an inverse. So (I'(U, M), +) is an abelian group.

Now let U C M be open and let 0,7 € T'(U, M) and f,g € C32(U). Now, f-o+¢g-7: M — E is also

smooth, where - is point-wise multiplication. It is also well-defined since for p € U,

f(p)a(p) +g9(p)7(p) € E,

by the R—vector space structure of E,. By this we also conclude that for any p € U,

m(f(p)o(p) + 9(p)7(p)) = p

and thus
m(f-oc+g-7)=idy.

The properties of the ring action on I'(U, M) follow by similar pointwise arguments.

By definition, I'(—, M) is a presheaf and since the sections are smooth functions, it follows by a similar
argument as we used for the sheaf of continuous functions that I'(—, M) is a sheaf of sets. Now we prove it
is a presheaf of modules. From the above each I'(U, M) is a module. Property i. and ii. follow immediately.

The restriction maps are function restrictions in this setting, given sections s,¢: V — E and U C V, clearly
pu (s +1) = slu +tlu = py(s) + o (D).

Furthermore, py; (s x t) = p;(s) x pY(t) giving us the desired C*°(V)—module structure on I'(U, M). Hence,
I'(—, M) is in fact a presheaf of C3—modules. As a presheaf of sets, I'(—, M) a sheaf. Hence, I'(—, M) is

sheaf of C}7—modules. O

Interestingly, the sheaves of sections of the tangent and cotangent bundle relate to some important objects
on smooth manifolds, namely the sheaves of vector fields and differential forms. Using the above lemma, we

immediately obtain some of their important properties.

Example 2.3.3 (The tangent bundle). As we have mentioned previously the sections of the tangent bundle
are vector fields on U. In fact there is a 1-1 corrospondence between sections of the tangent bundle 7'M and
vector fields on M. Let U C M be open and denote the set of vector fields on U by X(U).
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Let s : U — T'M be a section of TM. Denote X, := s(p), then by definition of m we find that 7(X,) =
m(s(p)) = p which implies that
X, e Hp) = T,M.

Since s is smooth X : U — T'M smooth, so by definition X € X(U).

Now consider a vector field X € X(U). Define s(p) := X,,, then m(s(p)) = n(X,) = p since X, € T,M.
Also s is smooth since X smooth, hence s: U — T M is a section on U.

Thus by lemma [2.3.2] X is a sheaf of C§; —modules. A

Interestingly, by looking at the dual of the tangent space we obtain the sheaf of differential forms.

Example 2.3.4 (The cotangent bundle). Remember that given an R—vector space V we define its dual
space V* to be the set of linear functions w : V' — R. In particular, given an m-dimensional manifold M, the
dual to the tangent space T),M is the cotangent space Ty M := (T,,M)*. We define T*M = Hperr Ty M to
be the cotangent bundle of M. Define the projection map as 7 : T*M — M, (w,p) — p. In appendix A we
outline how such vector bundle operations can be defined, such that dualization. Thus by Lemma[2.3.2] given
manifold M, the presheaf Q! where Q!(U) is the collection of differential 1-forms on open subsets U C M is
a sheaf of C'j7 —modules.

Similarly, we can prove that QF is a sheaf of C$?—modules by considering another vector bundle. Using

the definition of wedge product define the k—wedge of T*M we can define /\k T* M with a mapping,

k
Tm: \NT*M — M

such that the fibers are 71(p) = A" Ty M.

Now the wedge product can be described as an operation on vector bundles as described in Example 77,
and so by this we can conclude that this is indeed a vector bundle. By lemma we find that the sheaf
of sections of /\k T*M is a sheaf of Cfp-modules. Moreover some verification shows that for an open U C X
the map s : U — /\k T*M is a section of /\k T*M if, and only if, s € Q¥(U). From which we obtain the

desired result that QF is a sheaf of C$?-modules. A
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3 Cohomology

In this section we will define the notion of cohomology. In the process it is important that we work in a
sufficiently ”nice” category. For us, this will entail developing the ideas of kernel and cokernel, which is
actually one of our primary reasons for considering sheaves of modules over sheaves of sets, since there is no
obvious way to define the kernel of a morphism of a sheaf of sets, while for one of modules there is. In the
first section we will discuss some operations of morphisms of sheaves of modules such as the kernel, cokernel,

pushforward and pullback.

Remark 3.0.1. From now on, anywhere where we say sheaf we mean a sheaf of R-modules. Similarly by

morphism we will mean a morphism of sheaves of R-modules. O

3.1 Some operations on sheaves
We can now use the sheafification of presheaves of modules to construct some operations on these sheaves.
Definition 3.1.1 ([6], 1.3.6). Let R be a sheaf of rings M, N be sheaves of R-modules over X. Then:

i. We say M is a subsheaf of A if for every open U C X, M(U) C N(U) and the inclusion 2 : M — A

is a morphism of presheaves of R—modules. Let f : M — N be a morphism of sheaves of modules.
ii. The image of f, denoted im (f) is the sheafification of the presheaf U +— im f(U).
iii. The kernel of f, ker(f), is the sheafification of U + ker f(U).
iv. If M is a subsheaf of N, the quotient of N'/M is the sheafification of U — N(U)/M(U)
v. The cokernel of f, coker (f). Is the quotient sheaf N'/im f.
The restriction maps of each of the presheaves is defined in the obvious way. O

Note that by the definition of the subsheaf, the quotients taken in the quotient presheaf are meaningful
since for a module M we can quotient out any submodule N (see Proposition 3 section 10.3 in [3]). For a

more detailed definition of these operations see section 1.3.1 in [6].

Example 3.1.2. Consider the sheaves of commutative rings C' : U — C(U,R) and C* : U — C>(U,R)
with the the standard addition and multiplication of functions as operations. These can be seen as sheaves of
C*°, C—modules respectively. In both cases the restriction maps pg are group homomorphisms as function
restrictions (as mentioned in Example . We can view p}; as a C>(V),C(V)—module homomorphism
by defined x : (f,9) = py(f)g = fug in the image. The inclusion 2 : C>° — C is clearly a module

homomorphism for all U C X and hence a morphism of C*°—modules.

(Subsheaf) For all U C X note that C*°(U) is a submodule of C(U) hence C*° is a subsheaf of C via

the inclusion.

ernel and image € Kernel and 1mage are easi computed in this case, the image bein an
(Kernel and image) The kernel and imag ily computed in thi , the image being C* and

kernel being the trivial sheaf of modules 0.

(Cokernel) The cokernel is the sheaf associated with C(U)/C>®(U) = {f € C(U)}/ ~ where f ~ g <
f =c+ g for some ¢ € C(U). Since the equivalence classes are represented by continuous functions,

this is in fact already a sheaf.
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A
Lemma 3.1.3. Let S, T be sheaves on X and «: S — T a morphism. Then:
1. ker(ay) = (ker a),
2. im(ag) = (impret)y
Proof. This follows from Proposition 1.3.2(i), (ii) from [6]. O

As a side note, in category theory, we may call functions monomorphic when they exhibit the properties
of an injective function. In fact being a monomorphism is a generalization of being injective. In our setting,
we may call a morphism of sheaves monomorphic when it behaves injectively. Similarly, when a morphism

of sheaves behaves surjectively, we may call it an epimorphism, in particular:

Definition 3.1.4. Let f : A — B be a morphism of sheaves. Then we call f a monomorphism when

ker f = 0 and an epimorphism when im f = B. O

We now move on to defining the pushforward and pullback of a sheaf under a continuous function f, this

will be useful later on in proving that cohomology is homotopy invariant.

3.1.1 Pushforward and pullback

We also have the notions of pushforward and pullback. The pushforward is fairly straightforward. It can be

defined as follows,

Definition 3.1.5. Let X,Y be topological spaces and f : X — Y be a (continuous) map. The pushforward
associated with the map f is denoted f. : Shg _1n04(X) = Shr_med(Y) and maps the sheaf M of R—modules
to the pushforward sheaf U — M(f~}(U)) for some open U C Y. The restriction maps of f.(M) are

1
given by f.pl = p;_lg‘[i; for any V C U open. O

Lemma 3.1.6. Indeed the pushforward of a sheaf of sets is a sheaf of sets. More generally this also holds

for modules.

Proof. The first claim is Proposition 1.2.17 in [6]. By Proposition 1.1.12 [6], the pushforward of a presheaf of
R—modules M, f.(M), is a presheaf of f.(R)—modules, where f.(R) is a presheaf of rings by Proposition
1.2.8 [6]. Therefore, since both f,(M) and f.(R) are sheaves of sets, the pushforward of a sheaf of modules
is a sheaf. O

The pullback however, is more technical. We will define it using the approach taken in [5]. For this we

use the notion of pullback which is adjoint to the pushout, for details see the definition in appendix B.

Lemma 3.1.7 (5], Lemma 3.1.1). Let p: E — Y be a local homeomorphism and f : X — 'Y be a map of
topological spaces. In the pullback diagram,

X xy E T2 E
™1 p
X Y



3 COHOMOLOGY 18

1 18 a local homeomorphism.

Proof. Proof written by author. In this category, the pullback is concretely given by the tuple (X xy E, 7 :
X xy E— X,m: X xy E — E) where 71, 72 are the canonical projections and X xy E = {(z,e) € X X E :
f(z) =p(e)} (see Appendix B for the category theoretical definition).

Suppose then that p is a local homeomorphism. Then for every x € E there exists an open neighborhood
of z, U, C E such that the restriction p|y, is a homeomorphism with its image. Let U := ;' (U,) C X xy E

(open since g projection). Define oo = (¢, p|(};L o f o) then clearly the following diagram commutes,

E
Jp
Y

Note also that for any « € U, by commutativity ¢(m(z)) = m1(a(m1(x))). So since a(m(z)) = 2’ for some

p\;:;ofcw

X

f

'€ X xy E, mi(a(m(x))) = m(2") = m(z). Also by commutativity,

7T2($/) =p|(}i o f(m(x)) =p|(?i opomy(z) = ma(x)

where the second equality holds from commutativity of the original diagram. Thus x = a’. Therefore

aom |y =idy. So m |y homeomorphism. Since for any y € X Xy E there is a corresponding « € E, 7 is a

local homeomorphism. O
Now using this lemma we define the pullback as follows.

Definition 3.1.8. Let B be a sheaf on Y and 7 : Et(B) — Y be the associated etale map. Given a function
f: X =Y of topological spaces its pullback is,

X xy E 2 Et(B)
X ; Y

So by the above lemma, 7 : X Xy Et(B) — X is étale. From this we define the pullback f*(B)(—) =
I'(—, X xy Et(B)) which is indeed a sheaf of R—modules, as an étalification of a presheaf or R—modules. ¢

At first glance it may not be obvious that this corresponds to the sheafification of the pushforward. We
can however verify that on the stalks f*(B), = By(,), an exercise in 5], indicating that this is indeed the

pushforward sheaf.
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Finally, we establish a natural bijective correspondence between maps ¢ : B — f,A and ¢ : f*B — A.
This correspondence will come in handy later on.

Proposition 3.1.9 (Adjunction formula). Let B be a sheaf on'Y and A a sheaf on X, and let f : X =Y be

a continuous map. There exists a bijective correspondence between functions, p : B — f. A and ¢ : f*B — A.
Proof. Proposition 3.1.2 in the lecture notes [5]. O
Another unrelated but useful result is an analogue to the first isomorphism theorem for sheaves.

Lemma 3.1.10 (First isomorphism theorem). Let S,T be sheaves on X and ¢ : S — T be a morphism.
Then S/ ker ¢ = imp.

Proof. Follows by the first isomorphism theorem for modules, proof by author. Let U C X be open, then
©(U) is a morphism of R—modules. By the first isomorphism theorem for modules, ¥ : S(U)/ ker(p(U)) —
im (p(U)) is an isomorphism of R—modules. Define @pre := @y, note that for any open neighborhood V'
of U vy o ply = pl; ©by. So Ppre is a bijective morphism of the presheaves U — S(U)/ker(p(U)) and
U — im (p(U)). By definition these are the presheaves corresponding to sheaves S/ ker ¢ and im .
Thus the sheafification ¢ := F'@p,e is the desired isomorphism. O

Now that we introduced some useful properties of morphisms, we move on to studying sequences of such

morphisms.

3.2 Exact sequences

In developing cohomology theory exact sequences play an important role. By moving to exact sequences,
we are able to accomplish more in proofs by reasoning with this exactness, see e.g. Theorem [3.4.6] By the
end of this chapter we will have developed the idea of cohomology being a measure of the inexactness of a

cochain complex, whatever this means. For this we begin by defining exactness.
Definition 3.2.1. Suppose we are given a sequence of module homomorphisms,

ol DA A, T

We say this sequence is exact in A, when ker f, 11 = im f,, and exact when it is exact in all A,,. O

Remark 3.2.2. Exactness can similarly be defined in any other category where maps have kernels and

images. O
In the category of sheaves, this definition becomes a bit more technical.

Definition 3.2.3 (Exact sequence of sheaves). Suppose we are given a sequence of morphisms of sheaves
that compose,

f’ﬂ* n f"L f71,
ANy S LN S LA N S LS N

We say the sequence is exact in A1 if ker f,,+1 = ¢(im f,,), where ¢ : im f,, — A,, is the inclusion of the
image sheaf into A, 41 induced by the canonical inclusion of the image presheaf. We call the sequence exact
if it is exact in all A,,. We may also call this a long exact sequence. Similarly, a short exact sequence is a

sequence of the form 0 — A ENY;IEN C—0 O
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Note however that in the case of exact sequences of sheaves, the sheafification of the image sheaf need
not be unique, only up to isomorphism. Fortunately this is not a problem in our setting, for this we use the
reasoning from a math stackexchange post |7] (math.stackexchange.com). Namely, let us compute the image
and kernel at A4,, in the above sequence. Recall that the kernel presheaf, ker f,,, is already a sheaf so uniquely
determined. Consider the presheaf im e fr,—1 defined by U +— im (f,—1(U)) and two sheafifications im f,,_1
and im f;_; which are isomorphic via a unique ¢ : im f,_1 — im f},_;. Since im e fr—1 is a subpresheaf
of A, with inclusion ¢ : impefr—1 — Ay, the sheafification functor induces inclusions « : im f,—; — A,
and &' :imf;,_; — A,, such that & o timy, , = K o umy . By proposition we also find that

= (O lim f,_, since @ is induced by the bijective morphism of presheaves id Therefore,

Uim f!_, iMpref,, 4
KO limf, , = K 0@otLmy, , and so by the fact the uniqueness of the morphisms in the sheafification,
k = k' 0, so that imk = im k' as desired. This proves uniqueness under the assumption of existence, the

existence follows from Lemma 77

Lemma 3.2.4. Let S,S’, 5" be sheaves of R—modules over X. Then the following are equivalent:
i. The sequence 0 — S" %5 S By 8" 50 is exact
it. for all x € X the sequence is exact in the stalks, that is, 0 — S, — S, — S — 0 is exact

And imply:

a(U)

iti. For any U C X the sequence of R(U)—modules, 0 — S'(U) S(U) LGN S"(U) is exact.

Proof. The following proof is a spelled out version of a proof in [4] with a few adaptations.
First we should prove the equivalence. Suppose 0 — " = § LNy N exact, then for all U C X, the
sequence
0—S'(U)SSU)S S(U)/ima(U) =0

is exact where 7w : S(U) — S(U)/ima(U), s — [s] is the projection onto the quotient. Also by assumption,
B :S — 8" is a surjective morphism of sheaves. So by the first isomorphism theorem for sheaves S/ ker 8 = S”
where ker f = ima. Thus S” 2 S/imq, so (S/ima), = SY. Since the direct limit of exact sequences is

exact, the two short exact sequences,

f . .
0— 5, S = lim , [S(U)/ima(U)], —= 0
go:)\f\\\‘\\ l“’ //”/gzc:sa

are exact since ¢ being an isomorphism (as it is isomorphic stalks-wise) implies that exactness in (S/5’), is
equivalent to exactness in S7.

Suppose 0 — S, 2% S, Lo, S” — 0 is exact in S, for all x € X. Then ker(8,) = im («,). So by lemma
ker(8), = im pre(a), for all z € X. Under the inclusion « of im « into S, as defined above, im prec is
a subpresheaf of x(im «) and hence ker 3 is a subsheaf of k(im «), since stalk-wise ker 5, C (k(im«)),. Note
also that (8 o a), = B © a, by definition, so f o a = 0 and thus im pex C ker 8 so k(im ) C ker § by the
universal property (we can consider inclusion ¢ : im prec — ker § and by uniqueness the obtained s’ must
behave identically to x under the inclusion into 5).

Now lets prove the exactness implies iii.: If the sequence is exact then ker oo = 0 is the trivial sheaf. Let U C
X open, this means that (ker «)(U) = 0 so that 0 — S'(U) =), S(U) is exact (as (ker «)(U) = ker(a(U))


https://math.stackexchange.com/questions/1561106/what-does-it-mean-for-a-sequence-of-sheaves-to-be-exact?noredirect=1#comment3179421_1561106
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as the kernel of a morphism is automatically a sheaf). By exactness, ker = im « is the sheaf associated
with the presheaf U + im «(U). This is in fact already a sheaf of modules however, since ker o = 0 implies
that o : S’ — im « is a bijective morphism and thus an isomorphism of sheaves. Therefore, we conclude that

ker B(U) = im a(U) so the sequence is exact. O

3.2.1 Some Properties of the Sheafified Image

The following lemmas give some important properties of the sheafified image. The exactness of a sequence
will play an important role in proofs in this thesis, hence the following lemmas will be used repeatedly. This
first lemma is an application of exercise 2(b) from chapter 2 [5]. The second is formulated by the author
(although is really already used implicitly in the proof of i. of Lemma , and both are proven by the
author.

Lemma 3.2.5. Let X be a topological space. If P is a subpresheaf of a sheaf M of R-modules on X, then
there exists an associated sheaf P C M such that P — P and elements of P are locally in P. That is for
any U C X open and any p € P(U), there exists a neighborhood U, such that pgp (p) € P(U,). In particular,
for a morphism of sheaves ¢ : A — B, elements of imy are locally in the image presheaf, hence the image

sheaf behaves locally like an image.

Proof. We begin by defining the presheaf P as,
P(U) := {r e M(U) : for all € U there exists a neighborhood W, C U of = such that Pl (r) € P(W,)}.

The details are omitted. By some argumentation, we can show that Pisa presheaf, the fact that 75(U) isa
module follows using the property involving the restriction maps p associated to M which are by assumption
module homomorphisms. The restriction maps of P can be defined using those of M. Additionally, we can
argue this P is a sheaf.

That P is the associated sheaf entails showing that the universal property of sheafification holds, verifying
this goes by an analogous procedure as in Proposition Also by the definition of P, inclusion P — P
is canonical one and the elements of P are locally in P. Proving the final claim amounts to the observation
that im pye¢p is a subpresheaf of B. O

Lemma 3.2.6 (Monomorphic morphisms have normal image). Let ¢ : A — B be a monomorphic morphism
of sheaves. For any x € imp(U), there exists a y € A(U) such that o(U)(x) = y.

Proof. By Lemma 77, locally x is in the image presheaf of ¢, that is, for all p € U there exists an open
neighborhood U, C U of p such that pgp (z) is in the image presheaf of . Hence for all p € U, there exists a
yp € A(U,) such that o(Up)(yp) = pgp (x). Note that for any other p’ € U such that U, N U, # @,

o, (U W0) = pF, 00, (2) = pyws , (0(Up) (9)).

So since ¢ is a morphism of sheaves and ¢(U, N U,/) is injective,
U U,
punau,, W) = Puyau,, (Up)

for any such p’ € U. So since A is a sheaf we can apply the gluing axiom to obtain a y € A(U) such that
pgp (y) = yp. By the locality axiom, we then deduce that ¢(U)(y) = . O



3 COHOMOLOGY 22

3.2.2 Examples
Now let us consider some interesting examples of exact sequences.

Example 3.2.7 (De Rham complex). Let R be the constant sheaf of R—modules on an m—dimensional
manifold M. We have shown that, since R is connected, R is isomorphic to the sheaf of constant functions.
Define a sheaf morphism € : R — Q% (U,r) — r € C*°(U).

Recall also that locally any p—form w can be expressed in terms of the basis induced by the chart. So
that for chart (U, ), any w € QP(U) can be expressed as w = ZleOrdp(M) f1 - (dp)r, where Ordg (M) is the
set of increasing k—tuples of indices, as defined in [1]. Using this information, we can define the morphisms
dP : QP — QPt! Jocally as,

FU)w) = Y ((Zgijdfci)A(dw)I)

I1€01dy41 (M) i=1 "

which are homomorphisms of R—modules. Namely, define for any w € QF(V), for U € V C M opens,
py (dF (V) (w)) as d*(U)(py (w)). For any p € V there exists a chart (U, ¢,,) with U, C V such that,

oy (@ (V)(w)) = 7 0 ol (@ (V) (@) = i 0 d* (U)o, ) = | D ((zgffdxi)w@f)

: €X;
I€Ord, (M) i=1

Hence for any open U C M and section w € QF(U), we can obtain d(U)(w) by means of an open cover of
sets contained in domains of charts & of U using the above and locality of the sheaf QP*!. It holds that
doe=0=d"" od" for all n € N, since this is true locally, and hence by the locality axiom, globally. In
the next example, we will show that this sequence is locally exact, that is, for every p € M there is some
neighborhood U, so that the sequence evaluated in U, is exact. The standard de Rham cohomology may fail

to be exact, which correspond to the cohomology of the global sections of this complex. A

Exact sequences are also a compact way to express some important properties a series of modules may

have.

Example 3.2.8 (Poincaré lemma). Recall that the Poincaré lemma, Theorem 5.37 in [1], essentially says
that given an m—dimensional manifold M on a neighborhood U C M such that U is diffeomorphic to R™
any closed form on U of strictly positive degree is exact. This translates to the sequence,

e(U)

0 1
0= R LY 0oy L9 o1y L9,

being exact. A

Example 3.2.9 (Defining the sheaf via an exact sequence). This example is taken from [4]. Consider a
presheaf of modules P on topological space X. Then P is a sheaf if, and only if, for any open U C X with
open cover {U;};cr and sheaf morphisms,

Qs (pgi (8)i, B:(s)i— (ngmUl(Sk) - pg;ﬁUl(Sl))(k y

the sequence,
0—PW) 2L [ Pw,) 22 [[Pw:nvy)

,J
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is exact. Here the injectivity of the a(U) enforce the locality property. Now given s, € P(U;) for which the
conditions for gluing hold, implies that (s;); € ker S(U). So by exactness, since im («(U)) = ker §(U), there
exists an s € P(U) that is in fact the amalgamation of the (s;); by definition of the a(U) so describes the
gluing property. We can further check that the converse also holds. A

Note that all the sequences we considered above have the property that any composition of adjacent
morphisms is zero. A sequence with this property is called a cochain complex. In the next section we study

these objects in depth to obtain some important properties.

3.3 Cochain complexes

In our definition of cohomology, cochain complexes play an important role. In this section we will cover
cochain complexes and maps between them as well as the notion of cochain homotopy, which will play an
important role in the proof that our definition of cohomology is meaningful. The definitions and results are
inspired by those from a book on homological algebra by Weibel [8] and the lecture notes from the masters
seminar on sheaf cohomology at Utrecht University from the ’90s [5]. The author would suggest both of these

sources as supplement.

Definition 3.3.1 (Cochain complex). A cochain complex C’ of sheaves (of R—modules) on X is a countable
family {C?};cz of sheaves along with morphisms d” : C™ — C™*! such that d"*!od™ = 0 for all n € Z. Now

given a cochain complex C:
(cocycles) The kernel of the n—th map d™ is the set of all n—cocycles denoted Z"(C') = ker d"

(coboundaries) The image of the (n — 1)—th map d"~! is the set of all n—coboundaries denoted
B"(C’) =imd"~!

(cohomology) We define the n—th cohomology module of C' as H™(C') := Z™(C)(X)/B™(C)(X).
This is a meaningful definition since by definition of cochain complexes, B™(C")(X) C Z"(C)(X) so a
submodule, so the quotient is well-defined by Proposition 10.2.3 in Dummit and Foote [3].

(map of cochain complexes) Now given a second cochain complex D' of sheaves, we call a family of
morphisms u" : C" — D" a cochain map u : C° — D" if the following diagram commutes:

d dan d"+1
. — ol 2 o <2, ontl 2,

I R S

n
D D

d
.—— Dr 2y pn_ 2, pntl 2,

n—1

O

Cochain maps can be added and subtracted, and composed. Let C,D",E be cochain complexes and
f,9:C — D and h: D — & be chain maps. For each of the operations it can easily be verified that the
operations (f +¢)" := f® £ ¢g", and (ho f)™ := h™ o f™ give rise to new cochain maps.

We can speak of cochain complexes being bounded from above or below, these two notions correspond to
the indexing set having a maximal or minimal element respectively. For example, the short exact sequence is
an example of a cochain complex bounded in both directions. An important observation is that any morphism

of cochain complexes induces a homomorphism in cohomology.
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Lemma 3.3.2. Any map of cochain complexes of sheaves w : C — D" can be pushed forward to an
R(X)—module homorphism v : H*(C') — H™(D").

Proof. Proof by author. The reader can easily verify that a map of cochain complexes maps cocycles

(coboundaries) to cocycles (coboundaries). Using this information we define for every n € I,
wy  (ZM(C)(X)/B™(C) (X)) = H"(C) = H™"(D'), [g] = [u"(X)(9)].

This map is well-defined since, u” o dfy ' = d" ! ou™"!, g ~ ¢’ implies that u™(X)(g) ~ u™(X)(g'). The
fact that this is an R(X)—module homomorphism follows from the definition of the quotient module. That
is given g,¢' € H*(C') and r € R(X):

ul(g+rg) =" (X)(g+rg)] =" (X)(g) +ru"(X)(g)] = " (X)(9)] + rlu"(X)(9)] = ul(g) + rus(g")

where the second equality holds since v (X) is an R(X)—module homomorphism and the third by definition
of the quotient module. Thus by Proposition 10.2.2 (1) from Dummit and Foote, uZ is an R(X)—module

homomorphism. O
Lemma 3.3.3. Given cochain maps f,g:C — D', it holds that (f £ g)« = f« £ g«

Proof. Recall that every element in H™(C") is an equivalence class brought forth be some element x € ker dg.

We know that by definition in lemma (f £ 9)([z]) = [(f £g)™(X)([z])] = [(f™ £ ¢™)(X)([z])] =
[F™(X)([z]) £ ¢"™(X)([z])]. By definition of the quotient module this equals [f™(X)([z])] £ [¢™(X)([z])]

fe([2]) £ g«([2]). Hence, (f £ g)« = fu £ gu. O

Definition 3.3.4 (quasi-isomorphism). A morphism u : C' — D is said to be a quasi-isomorphism of

cochain complexes if its pushforward induces isomorphism’s in cohomology, u? : H"(C') — H™(D’) for all

*

nel. O

Definition 3.3.5 (Acyclic cochain complex). A cochain complex is said to be acyclic if its cohomology

groups are trivial. O
Since a cochain complex is a sequence of morphisms we can also speak of its exactness.
Remark 3.3.6 (Equivalence of definitions). For C' cochain complex following statements are equivalent:
i. C is exact
ii. C is acyclic
iii. The cochain map 0" — C' is a quasi-isomorphism (where 0" is the trivial cochain complex)

The equivalence of ii. and iii. is clear from the definitions since 0 — C is a quasi-isomorphism precisely
when 0 = H™(0') — H™(C') which is true if, and only if, H*(C') = 0 for all n € I. The equivalence of i.
and ii. follows since C exact if, and only if,ker d* = imd"~! if, and only if, H"(C') = ker d"/imd"~! = 0 for
all n € I. So as noted at the beginning of this chapter, we can speak of cohomology being a measure of the

extent to which a sequence is exact. O
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3.3.1 Cochain homotopy

Definition 3.3.7 (Cochain homotopy). Given two cochain maps f,g : C' — D" we say they are cochain
homotopic if there exists a collection of morphisms A" : C™ — D"~ ! such that f? —g" = d%_l oh™+h"to
. 0

Note that the maps hA™ need not be chosen so that they commute in the diagram of cochain maps. Cochain

homotopy is a kind of abstraction of homotopies between continuous maps. We find it important because of

i. in the following proposition.

Proposition 3.3.8. The following are true for cochain homotopies.
i. For cochain homotopic maps f,g:C — D", f. = g«
i1. Cochain homotopy is an equivalence relation

Proof. We prove the first statement by a similar argument as for Lemma 1.4.5 in [§]. Suppose that f,g are
chain homotopic. Then for all n, f* — g"* = d5 ' o h™ + h"*! o d. Let [v] € H*(C'). By Lemma m
and the definition of the pushforward of a cochain map (Lemma [3.3.2), f.([g]) — g:([z]) = (f — ¢)«([z]) =
[(f* — g)(2)] = [d5 " o h™(z) + k" 0 di(x)] = [d} ! o h™(z)]. So in particular, (f* — g")(z) is an
n—coboundary in D', so [(f™ — ¢g")(x)] = [0] = 0. Thus f.([z]) — g«([z]) = 0. Since [g] was an arbitrary
element of H"(C"), f« = g«-

The fact this is an equivalence relation follows easily from the definition and so is left to the reader. [

3.4 Resolution via Injective sheaves

In this thesis being able to compute the cohomology of a manifold will be important. We do this via chain

complexes as defined above. In particular we will compute cohomology via resolutions of the space,

Definition 3.4.1 (Resolution). Given a sheaf S, a resolution of S is a cochain complex C' of sheaves such
that

0 1
0 A0 Yot dy

is exact. O

For proving statements later on about cohomology via a resolution it will be useful for the sheaves of C
to have some inherent property. For us it will be useful to be able to extend the domain of a morphism being
mapped into a given sheaf. This then will allow us to compute the cohomology of a topological space via a

given sheaf S. The goal of this subsection will be to introduce the desired property; the injectivity of a sheaf.

Definition 3.4.2 (Injective sheaf). A sheaf C is injective if for any monomorphism of sheaves ¢ : A — B,
a morphism ¢ : A — C can be extended via ¢ to a morphism ¢ : B — (|, so that the following diagram

commutes,
L
—— B

A
Q—nx
\
\
\
\
Y

O

Note however an extension of a morphism ¢ via an ¢ may not be unique. We discuss later on why this
is not an issue for computing cohomology by means of the comparison theorem proved at the end of this

subsection.
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Definition 3.4.3 (Injective Resolution). A resolution of a sheaf C* in which each C? is injective is called an

injective resolution. O

Obviously, to guarantee that every sheaf admits an injective resolution, every sheaf must be able to be
embedded into an injective sheaf, this is often referred to as the category (in this case of sheaves) admitting

enough injectives.

Proposition 3.4.4 (The category of sheaves admits enough injectives). [5] For a sheaf M on X there exists

a monomorphism into an injective sheaf I.

Proof. Proof of lemma 4.3.1 in [5] adjusted for sheaves of R—modules. We use the fact that for any ring
R the category of R—modules admits enough injectives, this is theorem 10.5.38 in Dummit and Foote [3].
We alternatively defined the stalk of a sheaf M as M, = liger M(U) it can be shown that this admits
an R,—module structure (as mentioned in Appendix B). Thus the stalks M, are R,—modules and can be
embedded into injectives Z, via o, : My < Z,. We can construct the Godement sheaf Z(U) := [], .y Zs
which we claim is our desired injective.

M can be embedded into Z via the map o : M — T that is defined stalks-wise as (oy(m))y = ox([m]s)
for all open neighborhoods of z,U C X and elements z € M(U). By a standard argument, using the fact
the codomain is a Godement sheaf, we conclude o defines a morphism. Similarly, the o, injective imply o is
injective. So M — Z.

We claim Z is injective. Let ¢ : P — Z be any sheaf map and ¢ : P — Q. By the above we see that
 is equivalently the collection of stalk maps ¢, : P, — Z, (since the stalk maps can be obtained from ¢
and we can reconstruct ¢ from the stalk maps by similar means as we did for o). Since the Z, are injective
modules and ¢ induces injective stalk maps (by definition of the equivalence relation), the ¢, can be extended
to ¢, : @, — Z, which defines ¢ : Q@ — 7. O

As suggested in [5], we can use the above result to construct an injective resolution for any sheaf M on X.
We know that M can be embedded into an injective sheaf Z° via 0. The cokernel of o, coker o = Z° /im 0. For
any U C X and x € Z°(U), we can define the quotient map as 7(U)(x) = [z] where [z] is the equivalence class
given by the quotient map of R(U)—modules Z° — Z°(U)/im o(U). This is well-defined, and by definition
of the restriction maps of the quotient sheaf, 7 is a morphism of sheaves. Now again by the previous result,

we obtain an embedding o* : coker (¢) — Z' into injective Z'.

IO moo™ Il

coker o

0 M =

Now clearly, kerm = im o and since o* injective, kero* o m = kerm = imo. So by applying this step

repeatedly we obtain an injective resolution of M, Z°. We can state this result as the following corollary.
Corollary 3.4.5. Any sheaf M admits an injective resolution T".

We will use this property of injectivity repeatedly throughout this chapter. Our next application is what
called the comparison theorem which states that any morphism of sheaves induces a morphism of cochain

complexes on their respective injective resolutions.
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3.4.1 The comparison theorem

The following theorem is an analogue of theorem 2.2.6 in [8] for injectives. This theorem will play a funda-

mental role in our definition of cohomology via resolution (that it is well-defined).

Theorem 3.4.6 (The comparison theorem). Let A, B be sheaves on X and I',J" be corresponding injective
resolutions. Then a morphism of sheaves ¢ : A — B extends to a map of complexes ¢ : T — J . Moreover,

this extension is unique up to homotopy.

Proof. Proof by author. We label the maps as indicated in the following diagram:

ca, 0 9 p
0 A I I
}o
0 B, g0 b p

Existence: We construct a cochain map inductively. The base case follows by the exactness of the first
row, A maps via a sheaf map injectively into I°. Also A maps into J° via ep o ¢, so by injectivity of JO,
there exists a morphism ¢° : I° — JY such that eg o o = @ 0 e4.

d"O

Suppose n = 1, by the first isomorphism theorem for sheaves, I°/ime 4 <% I'. Also note that, for all

a €imegy, d?, 0 ¢%(a) = 0 since by commutativity, ¢ o 4 = ep o ¢ which maps into ker df}. Hence we can

define d(} o ¢" on the quotient as,

—_~—

d% o0 : I°/imeys — J* [s] = [d% 0 °(s)]

e~

which is well-defined by the previous claim. Thus by injectivity of J! we can extend dOJ oY via CZ? to

ol : I' — J' with the property that ! o J}L = dY o 0. However, on imey4, d) is zero so ¢! od) is zero, as is
d(} o ¢ since im p® 0 g4 C ker dg by an above argument. Using this we conclude that ¢! o d? = d(} o Y.

Now assume ¢’ is defined for all i < n. By exactness of the first row, ker d} = im d’]_l, so by the first

isomorphism theorem, I™/im d’;fl <d—?> I"t1. By a similar argument as for the case n = 1 we can define
a map dﬁfc\ﬂ;" : I"/imd}~' — J'. By similar reasoning as for n = 1, injectivity of J' gives us a map
et [t 5 Jn Tt guch that ¢! o d7 = d"% o ™. Consequently, we obtain a cochain map ¢ : Z° — J".

Uniqueness up to homotopy: Recall that the extending maps via some inclusion ¢ using injectivity of
the codomain is not guaranteed to be unique. Hence the construction above is not generally unique. However
we can prove it to be unique up to homotopy. For the given morphism ¢ : A — B consider two extensions
L, T — J depicted in the following commutative diagram,

0 A2, 0 It
e el el
0 By, g0 Y p

we claim these are homotopic. Hence we want to construct a sequence of maps A" : I"™ — J"~! such that
pr =YY" = d?_l oh™+h"*od? for all strictly positive n € N-g. We once again approach this via induction.
For the base case let n = 1. Then for any U C X open and x € I°(U) define hilmpmd? O)(dY(U)(z)) =
(° — ") (U)(z). So hilmpred? D im pred) — J"1 is well-defined since ¢ = ¢° on kerd}. Namely let
x € ker d%(U) for some open U C X. Note that ker d?(U) = (ime4)(U) and the image presheaf is already a
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sheaf by the same reasoning as in the proof of i. in Lemma since €4 is injective (monomorphism).
Now by commutativity,

(° =) oca=cpo(p—p)=0

implies ¢ = 9% on ker d9.

By sheafification, there exists a unique map h! ., : imd} — J° such that ! 49 © bim pred) = ht

a9 I im prod
Now, since im d9 is a subsheaf of I' there is an inclusion morphism ¢ : imd? < I'. So by injectivity of J°,
hilm 4o can be extended to a morphism of sheaves Al 1Y — JO such that hl o = hilrn &0 and
I I
1. 40 1 0 1 0 0 0
h™odr = hipag ©dp = iy, a0 0d] =" — "
Now suppose we have k — 1 maps h” : I™ — J"~! such that ¢" — ¢ = d?‘l o h™ + h"t1 o d? for all
0 <n <k — 1. By construction we want h¥ o df =t = pF=1 — k=1 — ¢"=2 o B#=1. This allows us to define

h* on the image of dlffl which we denote h* Jhe U) = hk(U)|im (@) For this to be well-defined it
I

must be zero on ker i1 (U). )
Let © € kerd? ' (U) = imd¥2(U). By Lemma we know that as imd¥~2 is the sheafification

of subpresheaf im pred’;_Q of I¥=1 for all y € U there exists an open neighborhood W, C U such that

p%y (2) € im predy3(W,). So in other words there exists an # € I*~2(W,,) such that d¥ (W, ) (&) = p%’,y ().

By commutativity of the cochain map with the complexes,

d A (W) (72 = w2 (W,)(@) = (71 = H)(W,) o df (W) ().

The left hand side simplifies by the induction hypothesis to (where for k = 2 the term d%~3(W, ) oh*=2(W, ) ()

needs to be omitted to obtain the equality from the base case),
d‘kf?(Wy) (dgig(Wy) © hk_Q(Wy)(i) + hk_l(Wy) °© d];72<Wy)(j)) = dgiz(Wzﬂ ° hk_l(Wy)(PI(/]Vy ()

and since both d%2 and h*~! are morphisms, it equals pgvy (d%2(U) o h*~1(U)(x)). The right hand side
simplifies to (o~ — PF~1)(W,) o (p§, (2)) = plf, (91 — F~)(U)(2)). So the equality simplifies to,

P, (@ 2(U) 0 K1 U)(2) = ply, ("7 = FH)(U)(2))

for all y € U. So by locality of J¥~!, we obtain the desired equality (p*~* — *=1)(U)(z) = d]}_Q(U) o
W= (U) ().

Similarly as to the case n = 1, we obtain by sheafification a unique map hikm it such that hﬁn 1 o
£
M predy

R ._. extends to ¥ : I* — J¥=1 by injectivity of J*~!, such that h* or = hF ,_ .
im dj im dj

bim b=t = h Since im d];_l is a subsheaf of I* there is an inclusion map imd*~! < I* via which
For our obtained h*
we have that,

PO = B s odi =
I

im pre

dl;—l — QOk_l _ wk—l _ de]72 ° hk—l
proving the induction step. Therefore, by induction ¢ and " are homotopic. O

With this theorem in hand, we are ready to formally define cohomology via injective resolutions.
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3.5 Cohomology via injectives

Recall that given any sheaf, we can obtain an injective resolution by Corollary |3.4.5 a consequence of the
category of sheaves admitting enough injectives. As we will see in this section, this fact along with the

comparison theorem allow us to define cohomology.

Definition 3.5.1 (Cohomology). Consider the evaluation functor I'x : Shg_m04a(X) = R(X)—mod from
the category of sheaves over X to the category of R(X)-modules, such that M — M(X). For any sheaf M

with injective resolution Z°, the n-th cohomology module is defined as,
H"(X; M) =ker(d"(X) : I"(X) — I"T(X))/im (d""1(X) : I"Y(X) — I"(X)).
There are R(X)—modules and H™(X; —) : Shr _moda(X) — R(X)—mod is in fact a functor (as we shall see

in Theorem {4.1.1]). O

Do note that since the image is sheafified im (d"(X)) is not necessarily equal to ker d"(X). Hence due
to I'x not preserving exactness, we say that I'x is not an exact functor. Thus the cohomologies can be
non-trivial for n > 0. We will prove that cohomology does not depend on the choice of injective resolution,
up to isomorphism. Before doing this, let us prove a first result. The following proposition and proof (which

we modified slightly for conciseness) embody Proposition 4.4.1 of [5].
Proposition 3.5.2. [5] Given sheaf M and injective sheaf T over X,
i. HO(X; M) =2 M(X)
it. HY(X;Z) =0 for alln >0

Proof. i. Take injective resolution 7", such that,

0 Moy g0 4y o _d g

then the 0-th cohomology is
H°(X; M) = ker(J°(X) — JH(X))/im (0 — I°(X)) = ker(I°(X) — I'(X)).

Let m € M(X). By exactness, o(X)(m) € kerd’(X) = H°(X; M). Since o(X) is injective, M(X) embeds
into H°(X; M) via o(X). Now suppose b € H°(X; M), as detailed in the proof of Lemma i., imo
is already a sheaf as presheaf, hence by exactness, b € im (¢)(X), so M(X) = im (¢)(X) = kerd’(X), the

desired result.

I n=0
ii. Since Z injective, we can define injective resolution I™ = . We can easily verify that
0 else

H™(X;Z) =0 for any n > 0 under this resolution. O

Now let us prove cohomology does not depend on the choice of injective resolution.

Lemma 3.5.3. The n—th cohomology H™(X; M) is well-defined up to isomorphism of cochain complexes.

That is, given two resolutions I~ and J ', the cohomology groups are isomorphic.
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Proof. By the Comparison theorem (Theorem|3.4.6)), the identity map id o4 induces a cochain map f : Z° — J

that is unique up to homotopy,

0 M 1° It
idMJ £ i
0 M JO Jt

So for any other cochain map induced by the identity map on M, f’, f. = f. by Lemma ii.. By the
same reasoning, we obtain a g : Z~ — 7~ that is unique up to homotopy. Not that g o f and idz- are both
cochain maps that lift the identity id . So they are homotopic and thus,

g«o fe=1(g90f)e=(idz )« = idH;.(X;M)

where the first equality follows from the definition of the pushforward of cochain maps, and the final map
is the identity on the i—th cohomology module resolved via resolution Z. Similarly f. o g. = id Hi (X:M)-

Therefore f, is an isomorphism of cochain complexes, proving that H™(X; M) is well-defined. O
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4 Computing Cohomology

In practice injective resolutions may not be the most convenient approach via which to resolve the cohomology
modules. In this chapter we will discuss other approaches used, in particular we will show that a larger class
of resolutions induce isomorphic cohomologies. Before discussing the class of acyclic resolutions with this
property, we first develop some useful results pertaining to the sheaf cohomology. While these results will

not be used extensively in this thesis, the results are nonetheless included due to their importance.

4.1 Functoriality of H"(—, —)

In this section we discuss the functoriality of H™(—, —), that is how H™(—, —) interacts with continuous maps
between topological spaces and sheaf morphisms. Although these relationships are not used extensively in this
thesis, it is worth mentioning them. Especially, since the functionality in the second variable is important in
establishing the homotopy invariance of sheaf cohomology, confirming that sheaf cohomology is an invariant.

The functorial relationship is described by the following theorem (Proposition 4.5.1 in [5]),

Theorem 4.1.1 (Functoriality). Given sheaves A, B on X.

i. A morphism of sheaves ¢ : A — B induces an R(X)—module homomorphism ¢ : H (X;A) —
H(X;B).

it. A continuous map f:Y — X induces an R—module homomorphism f: H (X; A) — H (Y; f*A).

Proof. The proof is as in [5] with some additions by the author.

i. By the comparison theorem, Theorem  induces a cochain map ¢ between injective resolution of
A, T', and an injective resolution of B, and J  that is unique up to homotopy. Now recall in Lemma [3.3.2]
we proved that this cochain map can be pushed forward to a homomorphism of cohomologies ¢ .

ii. Resolve f*A by an injective resolution J'. Applying f. to this sequence, we see that each f,J" is
injective. Namely by the adjunction formula any function ¢ : B — f*I™ corresponds to some ¢ : f, B — I™.
Let B < C, then f.B (Q f«C, so by injectivity of I, ¢ extends via f.¢ to some 1;, which corresponds via
the injunction formula to some ¢ : C' — f*I", since @\f*B =)o f.u =1, corresponds to ¢, Plp=@oL=.

By the adjunction formula, from id«4, we obtain a map n4 : A — f.f*A. Resolving A by a resolution
T', we obtain a morphism, 7, : Z' — f.J" by the comparison theorem. Now by lemma [3.3.2] this gives us a
homomorphism H"(X; A) — H"(X; f. f*A).

The final part of the proof involves showing that H (X; f.f*A) = H' (Y; f*A). To show this we define a
class of maps ns : S(Y) — f.(5)(X) given sheaves S over Y. Firstly, for any sheaf S, note that f.(5)(X) =
S(f~1(X)) = S(Y) so we define each of these ng by the identity, hence these are each isomorphisms of

sheaves. Secondly, given any morphism g : S — T, we claim that

nr oTy(g) =Tx o fi(g) ons.

Let s € S(Y). Then,

Ix o fi(g) ons(s) =T'x o fu(g)(s)
= g(f7HX))(s) = g(Y)(5)
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Also obviously nr(g(Y)(s)) = g(Y)(s), proving the claim.

Next resolve f*A by injectives Z'. Then, 'y (I') = I'x o f.(I?) for all i, by the relation we established
above. Since nyni1 0 [y (d") = T'x o fu(d™) onre and T'y (d"1) o Ty (d") = 0 = T'x o fu(d"1) o T'x o fi(d"),
the map

nr :Ty(Z) = Txo f(T)

is a cochain map. Since each of the 7~ are the identity, this induces an isomorphism on cohomology. Thus
H(Y;f*A)=H Ty (Z))2H(Txo f.(T))=H (X;f.f*A), completing the proof. O

4.1.1 Homotopy Invariance of Sheaf Cohomology

In this section we will briefly mention the homotopy invariance of sheaf cohomology on locally constant
sheaves. The proof of this property is beyond the scope of this thesis and uses concepts such as proper base
change, soft sheaves and cohomology with compact supports. The main theorem of this section is Theorem

8.2.1 [5], and is adapted to the setting of sheaves over abelian groups. First we define homotopy.

Definition 4.1.2. Let X,Y be topological spaces. We say that two continuous functions f,g : X — Y
are homotopic if there exists a continuous function F' : X X [0,1] — Y such that, F(z,0) = f(z) and
F(z,1) = g(z) for all z € X. ¢

Recall also that locally constant sheaves on X, A are sheaves with the property that for all z € X there

exists a neighborhood U, such that the restricted subsheaf Ay, is isomorphic to some constant sheaf A,.

Theorem 4.1.3 (Theorem 8.2.1 [5]). Let X,Y be topological spaces, A a locally constant sheaf of abelian
groups on X and f,g:Y — X be homotopic. Then, f and g induce the cochain maps on cohomology. That is,
by the functoriality, f,g induce cochain maps f : H (X;A) = H (Y; f*A) and g : H(X;A) = H(Y; f*A)
such that f* =g .

Proof. For the proof see [5]. O

Definition 4.1.4. We say two topological spaces X,Y are homotopy equivalent, if there exist continuous

maps f: X - Y and ¢g: Y — X such that f o g is homotopic to idy and g o f is homotopic to idx. O

Corollary 4.1.5. Let X and Y be homotopy equivalent and A a locally constant sheaf of abelian groups over
X then H (X;A) =2 H (Y; f*A).

Proof. Well since X and Y are homotopy equivalent there exist maps f : X — Y and g : ¥ — X such
that, f o ¢ is homotopic to idy and g o f is homotopic to idx. By the previous theorem, (f o g)° = idy and
(go f) =1idx. Hence f and g are each others inverses and thus H (X; A) =2 H (Y; f*A). O

4.2 Long Exact Sequence in Cohomology

The goal of this section is to prove that given a short exact sequence of sheaves, we can obtain a long exact
sequence of their cohomologies. The following theorem is proposition 4.7.1 in [5]. We adapt proofs presented
in some lecture notes by Robert Ash [9], Moerdijk and Pronk [5] and in a textbook by Weibel [8] to our
setting.
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Theorem 4.2.1 (Long exact sequence in cohomology). Given an exact sequence of sheaves 0 — A % B

C — 0. We can construct a long exact sequence in cohomology,
0— HY(X;A) — H(X;B) - H(X;C) % HY(X; A) —
— HY(X;B) = HY(X;C) = - = H*(X;C) & H"™(X; A) — ...

4.2.1 Two Results in Homological Algebra

In this subsection we introduce two useful lemmata from homological algebra that play an important role in

our proof of the theorem.

Lemma 4.2.2 (Snake Lemma). Consider the commutative diagram of R—modules,

A g 0
|
oo b
0 A B—%C

If the rows are exact then,
ker f — kerg — ker h LN coker f — cokerg — cokerh

is exact. With 6(¢') =¢~togo ' 71(c) for ¢ € kerh

Proof. We follow the proof in [|9]. First we can clearly extend the diagram to,

ker f L ker g L ker h

lker fJ/ Lker gJ/ lLker h
’

Y g 0
1]
A

|n
Tcoker fl J{ﬂcoker g Tcoker hl

’
Y ,B—* ,C
coker f —— coker g — coker h

Sy

The sequence is exact in ker g and coker g:

We will prove the exactness in kerg. We chase the diagram. By commutativity, ¢’ o ¥’ o tyer s =
lkerh © @' 0 () = 0. Since tyerp is injective, @' o ¢’ = 0, so im 1)’ C ker @'.

Now let « € ker¢’. Then ¢ 0 tier (%) = tkern © @'(2) = 0 50 tkerg(x) € ker’ = ime)’. So there exists
ay € A such that ¢/(y) = tkerg(z), and g o ¢'(y) = 9 o f(y) = 0 so since ¥ injective, y € ker f. So
tker (%) = V' 0 ther £ (4) = ter g © ¥’ (y) implies that ¢'(y) = = so « € im¢)’. By another diagram chase now
using the surjectivity of ', we conclude the sequence is exact in coker g.

The map ¢ does not depend on choice of representatives

Let ¢’ € ker h and b,b' € B’ such that ¢'(b) = ¢’ (') = ¢’. Then b — b’ € ker ¢’ = im1)’ so there exists an
a € A’ such that ¢'(a) = b — b'. By commutativity, ¥ o f(a) = go¢'(a) = g(b—1b').
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Note also that h o ¢'(b) = @ o g(b) = 0 so g(b) € kerg = im1. So there exists a b € A such that
¥(b) = g(b). We can similarly find a b’ for b'. Now (b — V) = g(b— V') = ¢ o f(a), so by injectivity of v,
b— b = f(a) hence [b] = [0] in coker f. So d(¢’) does not depend on the choice of the b and b.

4 is an R-module homomorphism

Consider ¢, d’ € kerh and r € R, we prove that §(¢’ +rd') = 6(¢') + rd(d’). As above, choose ¢,d such
that ¢’(c) = ¢ and ¢'(d) = d' so ¢'(c+rd) = ¢ +rd’. Now g(c+ rd) = g(c) + rg(d). Now again, choose
¢,d € A as above such that again ¢(¢) = g(c) and ¢(d) = g(d). Then (¢ +rd) = g(c + rd). By definition of
the quotient module [¢ + rd] = [¢] 4 r[d], this gives us the desired result.

The sequence is exact

To prove the exactness we need to show exactness in ker h and coker f. We do the diagram chase for
ker h, noting that exactness in coker f follows by an analogous argument.

Let z € im ¢', the preimage y is in ker g so 9(z) = 0. Now let z € ker §. Choose 2z’ € B’ and z € A defined
similarly to b and b in the independence of choice claim, so that g(z’) = 1(%). Hence [Z] = 6(z') =00 Z €
im f, thus there exists an a € A’ such that f(a) = 2. So g(z') = ¥(2) = o f(a) = got)’(a) and consequently,
z' =1 (a) € ker g. However z = ¢/'(2') so z = ¢/(2') = ¢’ (2" =9/ (a) + ¢'(a)) = ¢' (' — ¢¥'(a)) € im @'. O

The snake lemma will be used in the proof of the version of Theorem [£.2.3] for cochain complexes of
modules. Although we could this prove version directly via a diagram chase, we decided to include this
lemma due to its importance in the homological algebra [8|.

In the construction of the long exact sequence of cohomology we require a short exact sequence of cochain
complexes. Since we only begin with a short exact sequence of sheaves, we need the following result, which
states that given a short exact sequence of sheaves, we can find resolutions of the elements of this sequence

that form a short exact sequence.

Lemma 4.2.3 (Horseshoe Lemma for Injectives). Given a short exact sequence of sheaves, 0 - A — B —
C — 0, we can resolve each sheaf via injectives A — 1, B — J and C — K such that 0 > T — J —

K — 0 is a short exact sequence of resolutions.

Proof. The following proof is written by the author, with inspiration from the proof of the statement for

projectives (the dual concept to injectives) in [8]. First we prove the following claim,

Claim 1. Given an exact diagram of sheaves,

where A’,C’ are injectives and ¢’(a’) = (a/,0),¢’'(a/,¢’) = ¢/. There exists a monomorphic morphism of

sheaves 0 : B — A’ @ C’ such that the diagram commutes.
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We begin by defining o. Since A’ injective, we can extend t4 via 9 to i4 : B — A’. Now define
o:= (ia,tcop): B— A'®C'. Clearly, ot = (igo0t,tcopo1)) = (14,0) =9’ 014 since the first column
is exact and by definition of the extension via injectivity, also by definition of ¢’, ¢’ 00 = 1o 0 .

Now we prove kero = 0. This follows by a simple diagram chase, namely let U C X and z € kero(U).
Then by commutativity, tc(U) o o(U)(z) = ¢'(U) 0 o(U)(x) = 0 so by injectivity of 1c(U), = € ker p(U) =
im v (U) by exactness of the first column. Since 1 is a monomorphism, we find by Lemma that there
exists a a € A(U) such that ¢(U)(a) = z. Now since ¢'(U) o t4(U)(a) = o(U) o p(U)(a) = 0, ¢'(U) maps
ta(U)(a) to (ta(U)(a),0) = 0. So ta(U)(a) = 0, and thus by injectivity of t4(U), a = 0. Therefore, z = 0

and hence ker o(U) = 0, proving the claim.

Now we can prove the result inductively using the claim. The base case following immediately, where we
define JO := I° @ K°. By projecting the right column into the cokernels, we can obtain the diagram,

0 0 0
p/— 1° coker € 4
P P’

B <o I°9 K% — 5 cokerep

/

¥ ®
C = K° coker e
0 0 0

Claim 2. The cokernel column is exact. This follows by an elicit diagram chase.

Of note is cokerey (ip; cokerep. Let U C X open, [z] € cokerea(U). Note that ¢/ (U) is injective if,
and only ify)'(U)(z) € imep(U) implies that € ime4(U). Note that since ep is a monomorphism, there
exists an & € B(U) such that eg(U)(Z) = ¢/ (U)(z). Now 0 = ¢'(U) o ¢/ (U)(x) = ¢'(U) 0 e5(U)(Z) which
by commutativity equals ec(U) o ¢(U)(Z). So since e¢ is a monomorphism, & € ker o(U) = im(U). Now
since 1 is a monomorphism, there exists a y € A(U) such that ¢¥(U)(y) = Z. Therefore, by commutativity,
W (U)(x) = ep(U) op(U)(y) = ' (U) 0e4(U)(y). So since ¢/ (U) is injective, 2 = £ 4(U)(y) proving ¢'(U) is
injective. By similar diagram chases we conclude the exactness of the third column.

Using the construction of the injective resolutions, we find inclusions d’ : cokere 4 < I'* and d : cokerec —
K'. Applying the claim we obtain a map d : cokerep — I' @ K' where we define J! := I' @ K'. We can
define the compositions of these maps with the projections as, d},dk and d’ respectively. By construction
d} oey = 0, and the same holds for the d}(. Since imep gets mapped to 0 under the projection onto the
cokernel, also d1J oep = 0 and this sequence is also exact by the fact d is monomorphic. We can repeat this
step once again, where in each step the exactness of the short exact sequence of cokernels follows by claim 2,
and so indefinitely to obtain our desired resolution 7 of B proving the claim.

O

Using these two lemmata we are now ready to prove the main result of this section.



4 COMPUTING COHOMOLOGY 36

4.2.2 Proof of Theorem [4.2.1]

In this section we prove the theorem. We split the theorem up into several claims.

Proof. First note that from the short exact sequence 0 - A — B — C — 0 of sheaves we can obtain the
exact sequence of resolutions 0 — Z° — J° — K using the Horseshoe lemma. Now using the second claim
(which relies on the first claim) we find that 0 - I'xZ" — I'x J" — I'x K" — 0 is an exact sequence of cochain
complexes. Now applying the third claim we obtain a long exact sequence in cohomology. Recall H"(X; A)
was defined using the evaluation of the resolutions by the global sections functor I'x, so this is indeed our

sought after long exact sequence.

Claim 1. For an injective sheaf A, the restrictions pg are surjective.
This is the proof of lemma 4.7.1 in [5] adapted to our situation. Let U C X be open, and define the sheaf
Ry as the sheaf of locally constant functions with support U, that is for any open W C X,

Ru(W)={f:W — R : f locally constant and f(z) =0Vz ¢ U}.

When V C U, there is an obvious inclusion Ry — Ry.

We claim the morphisms ¢ : Ry — A are in bijective correspondence with elements a € A(U). For a
given ¢, we define a := p(U)(1y) (1y being the constant function function 1 on open U C X). In the other
direction, for some a € A(U), for each W C X and f € Ry(W), define

eW)(f)=a-f

where a acts on f via the module structure (using the fact f is locally constant of course; so locally on opens
Using the bijection any a € A(V') corresponds to an f : Ry — A. By the injectivity of A we can extend f
via the inclusion ¢ : Ry < Ry, to a f: Ry — A such that fo. = f. Now f corresponds to some a € A(U)

such that p¥ (@) corresponds to fou=f, so since the correspondence is bijective, oY (a) = a.

Claim 2. If A is injective in the exact sequence of sheaves 0 — A HBE5 O 0, then 0 — A(X) —
B(X) — C(X) — 0 is exact.

For the proof of this claim we use the proof of Lemma 4.7.3 in [5]. The exactness in A(X) is clear since
1 is a monomorphism and the exactness in B(X) follows by similar reasoning as in So we are left to
show that B(X) — C(X) is surjective. Let ¢ € C(X). Consider the pairs (U,b) where U C X and b € B(U)
such that (U)(b) = piX(c) and the partial order defined as (U,b) < (U’,V) if, and only if, U C U’ and
b= pg/(b’). By Zorn’s lemma as on page 909 in (3], there exists a maximal pair (U,b). Now assume that
U # X, and let © € X\U, then by Lemma there exists a neighborhood U, C U of z and a b, € B(U,)
such that o(U,)(bs) = piy. (¢). So

‘P(U N UIE)(ngﬂU(biv)) = ‘P(U N Uw)(pgmUw (b))
By similar reasoning as before, the sequence,
0—- AU, NU)— BU,NU)—-CU,NU)—=0

is exact at A(U, NU) and B(U, NU). Thus since Pg:mU(bw) — pinu, (b) € kerp(U NU,) = imy(UNU,)



4 COMPUTING COHOMOLOGY 37

by Lemma there exists an a € A(Uy NU) such that this equals (U N U,)(a). By the previous claim,
this @ € A(U, NU) can be extended to some a € A(X). However b — pi¥ (v(X)(a)) and b, are equal on
the restriction to U, N U, so we can glue to obtain a b € B(U, UU) such that p(U, UU)(b') = pff ,y(c)

contradicting the maximality of U.

Claim 3. Given an exact sequence of cochain complexes 0 — A" — B° — C* — 0 of modules we can construct

a long exact sequence in cohomology,
0— HOYA) = HYB) - H(C) S HY(A) -
— HY(B) = H'(C) — - — H'(C) S H" " (A) - ...

The claim follows by 2 applications of the snake lemma, the following proof is standard and as in [8], [9].

To obtain our desired 0 we will apply the snake lemma to,

m/B"(7) — J"/B"(J) — K"/B"(K') —— 0

b b L

0 — Zn+1(I~) N ZnJrl(J-) SN Zn+1(lc~)

Where we define the vertical maps as dy(2™ + B™(Z")) = d}(«™) and similarly for J and K. Now
kerd; = kerd}/B™(Z) = H"(T'), cokerd; = Z""Y(T")/imdy} = H" " (T").

To be able to apply the snake lemma, we must show that the rows are exact. For this, we apply the snake

lemma to,
0 I Jm K" 0
R |
0 —— [t — 5 g+l s gntl 50
To obtain,

In the case n = 0 we only need the exactness of the J°/B%(J") term which also follows by the first claim of
the snake lemma. We can easily prove that since I"*1 — Jntl Znt1(T) — Zn+1(7") and since J* — K"
is surjective, J"/B"(J") — K™/B™(K") is surjective, proving the desired exactness of rows. Now applying
the snake lemma on the first diagram, we obtain module homomorphisms 0 : H*(K') — H"*(Z"), such that

H™(T) = H(J) — H(K) % BT —» HH(T) — H"(K)

is exact for all n € Z>o. Concatenating these sequences in the appropriate manner, and noting that by the
argument in Proposition i) (since we don’t use injectivity of the resolution), H*(Z") = A, H*(J") = B
thus H%(Z") — H®(J") proving the claim final claim, completing the proof.

O

This result acts as an important tool in computing cohomology modules, since we can use the exactness
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of the obtained long exact sequence to make some conclusions about said modules. For example, given a
short exact sequence 0 — A 2> B — 0, we know ¢ is an isomorphism. We now move onto the main topic of
this chapter, comparing resolutions of sheaves. This will be important since resolving a sheaf via injectives is
not necessarily straightforward. Hence we will want to resolve sheaves via some other resolutions that induce

isomorphic cohomologies.

4.3 Comparing Resolutions

In this section we will go about comparing different resolutions. The proofs in the section are by the author
with inspiration from the supervisor Marius Crainic and the stacks projects |[10]. Given a sheaf A on X and
an arbitrary resolution (exact sequence of sheaves), 0 — A — R’, we want to develop a means of comparing
the induced cohomologies H"(R "), to the standard cohomology modules H™(X; A) resolved by some injective
resolution Z°. We will do this by a diagram chase of a complex of cochain complexes, before defining this we
will prove that we can obtain a long exact sequence of injective resolutions from a long exact sequence, we
will call this the Cartan-Eilenberg resolution. The following theorem (similar to Lemma 13.21.2 in [10]) is

the long exact analogue of the Horseshoe lemma,

Lemma 4.3.1 (Cartan-Eilenberg Resolution; [10]). Given a long exact sequence 0 — A — R’ of sheaves, we

can resolve A and each R’ by injective resolutions J ™ such that,

0 0 0
0 A R R!
0 —— JOO — Jo Jo2
0 —— JH0 — 5 gtl JL2

I

s a long exact sequence of resolutions.

Proof. The following proof is written by the author with inspiration from [10]. The proof involves nothing

special. Note that for all n € Z>¢, the sequence
0 — kerdp - R" — imdg — 0

is exact. We resolve each kerd}, by some resolution L', note that since the sequence is exact, imd} =
ker d%“ so we can resolve each imd% also by K"+l Now by the horseshoe lemma, we have a resolu-
tion J~" of R™ such that J*" = K®" @ K*"*1. Where for all U C X, the maps f*"(U) : J*"(U) —
K+ L(U), (z,y) — y are surjective for all i,n and the maps ¢**(U) : K**(U) — J*"(U),x — (x,0) are
injective for all 7,n. Now define d;" := gttt o fir : Jim — Jin+l so that d"(U)(z,y) = (y,0). Clearly,
kerdf,’" = K% @0 and im d(i,’" = K'"*t1 g0, so kerdf,’nJr1 = im d(i,’”. So the sequences J*" are exact.

Finally, for €4 : A — R" we have by the first isomorphism theorem for sheaves that A 2 ime4 = ker d%.
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Hence by the comparison theorem, any resolution of A is isomorphic to K°, which map into the J*° via the

monomorphisms ¢g*°. By relabeling 7~ including X? in the process, we obtain the claimed resolution. []

Given the Cartan-Eilenberg resolution, we can evaluate using the global sections functor I'x to obtain
a cochain complex of resolutions of R(X)—modules. When this complex is acyclic from the first row and

column onwards, we have the following lemma:

Theorem 4.3.2 (De Rham-Weil). Given a sheaf M on X and a resolution A" such that each A™ has trivial

cohomology modules, there exists an isomorphism
H(X;M)2H((A)

Proof. The outline of the diagram chase in this proof was sketched by the supervisor and the details are filled
in by the author. Given the resolution A’, we can obtain a Carten-Eilenberg resolution 7 by the previous
lemma. Evaluating this resolution by the global sections functor I'x we obtain a complex of resolutions
of R(X)-modules. The rows, excluding the first, are exact by Proposition m(u) and the columns, also
excluding the first, are exact by our assumption that A™ has trivial sheaf cohomology and the fact the J " are
injective. We can now perform an elicit diagram chase to inductively construct a morphism ¢ : H (X; M) —
H (A'). We label the maps as in the diagram,

IB — s JS,O . . 73,1 . . 73,2 . s J3,3 s
2/\ IS v I d3 O v I d371 v I d3 2 » I

dy d3 0 dy dy o dy 3
I2 c - \ J2’0 - \ J2,1 - \ J2,2 - \ J2,3 \
I 12 » I d270 v I d2’1 v I d2 2 » I

d} di o dy 4 dy o di s
Il c - s Jl,O - N Jl,l - N J1’2 - ; J1,3 ;
0/\ Il v AN dl O v AN d171 AN d1,2 » AN

d; do o dg 4 0,2 do 3
IO c - ; J0,0 ~ N JO,l . N J0’2 ~ ; J0,3 ;
I 0 I d0,0 I d071 I 0y2 I

LM JAO .]Al ]AQ ]AS
Me—s A — 5 AV —— 5 A2 —— 5 A3 ———

JM A dy dy

First we prove the base case. Suppose n = 0, then H°(Z") = kerd}. Let xo € H°(Z'), then z¢ € imuy.
Since tpq(X) is injective, there exists a unique a € M(X) such that ty(X)(a) = z9. Now jpm(X)(a) €
im ga(X) = ker d% (X) so jm(X)(a) € HO(A'). So clearly, H(Z") = H°(A").

Now suppose n > 0,

There exists a ¢" : H"(X; M) — H"(A')

Let [x,] € H"(X; M) = H™(Z'), then there exists a x], € kerd} such that z] ~ z,. By commuta-
tivity, =], € kerd} implies that ¢yn(x],) € kerd?,

no = imdy, 4 o. So there exists a y,—1 € Jn=10 such that
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dz_l,o(yn—l) = n(2)). Again by commutativity,
Tp—1 = dZ_L()(yn—l) € ker d;}),—l,l'

Applying this argument n— 1 times, we obtain z¢ € J%™. Now since zg € ker dp., =1imja» and jan injective,
there exists a unique a € A™ which is also in ker d’; by the commutativity (where in particular the injectivity
of jpn+1 allows us to conclude this). We define a := ¢(z,). As we have done before, e.g. in the snake lemma,

we can argue that

P(xn +rxy,) = (20) +10(27,)

for some x,, 2], € H"(X; M) and r € R(X), thus ¢" is an R(X)—modules homomorphism. To argue this
@™ is well-defined it suffices to show that z,, € im d?_l implies that p(z,) € im dj_l. We can employ a
similar argument as above. Let x,, € imd} ™! then there exists a 2/, _; € I"~! whose image under d} ' is ,.
Define

o— v
Un—1:=Yn—1 — tpn—1(Tn_1) Ekerdy, _;

(this follows by the commutativity of the diagram). By the exactness of this column, there exists a
kn—o € J"720 that is an_1 under df,_,,. Additionally, we can argue that d_; ;(an—1) € kerd,_, ;. By
commutativity,

dZ—Q,l o dZ—Q,O(kn—Q) = dZ—l,O(aﬂ—1)>

therefore, for y,_o € J"~%! as defined above, d?_, | (yn—2) = dfi _; o(an—1). Consequently, we can define and
conclude that

An—2 = Yn_9 — dﬁ_zo(kn,g) € kerd, o,

where

d272,1(an72) = dzfz,l(yn%) = Tn—-2-

Applying this step n — 1 times, we obtain ag € J%"~1 such that ag € ker dg§ ,,—1 and d&n_l(ao) = z9. Thus
ag € imjgn—1 and 29 € im j4». So there exists a unique b € A"~! such that j4n—1(b) = ag. By commutativity,
and injectivity of j4n, d"~1(b) = ¢(z,) and thus ¢ is well-defined.

[¢¥"] is an isomorphism

By the above argument, there exists a ¥™ : H*(A') — H"(X;M). Similar to the z;,y; obtained in
evaluating " (z,,), for ¢(z,) € A", we have x}, € J"F* such that z}_, = d’_,_, ,(y;) € kerd}:,_, and
dﬁ_k_Lk(y;C) =), for k <nand df},,_(y,,_1) = jar (@(z5)). We want that z, — "™ 0 ¢"(z,) € im drt.

%

. Jl,n—Q Jl,n—l

[ [

ay, € JO,n—2 N JO,n—l N JO,TL

o]

An—l A

Note that 2], = 2. So yj, — yo € kerd{,, ;. So there exists an a,_; € J*"~2, such that by commutativity,
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(yn_1—v1)—d§ ,_o(an—1) € kerd}, _,. Hence we find an a,_» € J""3 such that (y),_5—y2)—dY ,,_s(an_2) €

ker d’in_g). Repeating this step, we eventually obtain (¥} — yn—1) — d;, _5(a1) € ker d2—1,o~

" < Jn,O

| [

Infl < Jnfl,() JnJrl,l

[ [

Jn72,0 Jn72,1 L

|

So there exists an ag € I™~! such that ¢» o d}’_l(ao) = — ti»(zy,). Hence, since ¢y~ is injective (noting
zf = L1 (Y7 0 9"(20))), ¥ 0 "(2,) — @, € imd} . By a similar argument, [¢" o " (z,,)] = [x,], so [¢"] is

an isomorphism, completing the proof. O

Weibel mentions when introducing the snake lemma that its proof is best understood by attempting it
on your own [§]. As demonstrated in the proof above, a compact diagram chase may go at the expense of
readability. For a more convincing argument of the existence of the isomorphism, see Proposition 3.6.2 in
[4], where Springer uses the long exact sequence in cohomology and the same trick we used to construct the
Cartan-Eilenberg resolution (that 0 — ker d}, — R"™ — imd’% — 0 is exact). Unfortunately, via this approach
there is no explicit construction of the isomorphism. Alternatively, we could have also opted to use total

cohomology of double complexes as defined in [§], which would have required more work.

4.4 Acyclic sheaves

Finding an injective resolution associated to a sheaf M may not be an easy task. In this section, we discuss
various resolutions inducing isomorphic cohomologies when the space X satisfies certain properties. Each of

these resolutions will relate by one important properties, the sheaves are all acyclic:

Definition 4.4.1 (Acyclic sheaf). A sheaf M on X is acyclic if H"(X; M) = 0 for all n > 0. We say a

resolution of some sheaf A" is acyclic if A” is acyclic for all i € Z>o. O

Therefore by the De Rham-Weil theorem, acyclic resolution and injective resolutions induce isomorphic
cohomologies. Now we will study several classes of sheaves that turn out to be acyclic. First we define soft

and fine sheaves. It turns out that fines sheaves have a connection to vector bundles.

4.4.1 Intermezzo: Paracompactness and Paritions of Unity

Before introducing fine sheaves, which are defined on paracompact spaces, we briefly recall paracompactness.

This is a notion from topology about the open covers of a topology.

Definition 4.4.2 (Paracompact Space). A topological space X is paracompact if every open cover U
admits a refinement ¢/ that is locally finite, i.e., for every x € X, = intersects only a finite number of opens

in . ¢
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Clearly then any compact space is paracompact. In fact any locally compact, second-countable Haussdorf

space is paracompact:

Theorem 4.4.3. Any locally compact, second-countable Hausdor(f space is paracompact. In particular, any

manifold is.

Proof. The theorem follows by some elementary point-set topology.

Claim 1. If X is Hausdorff and locally compact then it admits a basis of precompact opens.
Proof by author. Let x € X and let U be any neighborhood of x. Since X is locally compact, x has

a neighborhood V' contained in some compact set. Now x € U NV and since U NV is contained in some

compact set U NV is also compact, so U NV is precompact.

Claim 2. A locally compact, second-countable Hausdorff space X has an exhaustion by compact sets.

The proof is this claim is Proposition A.60 |2]. By the previous claim, X has a basis of precompact open
subsets and by second-countability, X is covered by countably many of such sets. We prove by induction
that there exists an exhaustion {K;}3°,. Let {U;}$2, be the open cover and K; = U;. Assume we have
compact sets Ky C --- C K}, such that U; C K; and K; C _f{j+1 forall 0 <i<kand0<j<k. Since Ky is
compact, there exists some ny such that K C Uy U---UU,,. Define Ky = UuU---u Uink, since we want
Ugt+1 C Ki1, choose ni, > k4 1. As a finite union of compacts, Kj41 is compact and clearly Kj, C IO(kH.

The proof of the theorem is as in theorem 1.15 in [2]. Let U be any open cover and B be any basis of
topology of X. By assumption, claim 2 implies that there exists an exhaustion by compacts {K; }J"’;l of X.

Using this exhaustion we define,
Vj 1= K \Kj, Wy = Kjuo\Ko.

Note that Vj is compact as a closed subset of K;, 1 and W} is open with V; C W;. Let j € Z~q, forany z € V;
there exists an open neighborhood of x, U, € U. Also there exists a B, € B such that z € B, C U, N W;.
These B, form an open cover of V; which by compactness refines to a finite subcover V;. The concatenation
of these finite subcovers forms a countable cover of X which is a refinement of U, say U. Now to prove this
U is locally finite. Since for each cover V; of Vj, the sets are in W;, and W; N W = @ for all 5, j" such that
j' <j—2orj > j+2,each x € Vj is contained in finitely many opens in U, since the V; cover X, the result
follows. The final claim of the theorem follows by the fact that manifolds are locally compact (Proposition
1.12 in |2]). O

Also recall the following theorem, which we use without proof.

Theorem 4.4.4 (Theorem 1.17 [1]). If X is a paracompact Hausdorff space and A C C(X) is closed under
locally finite sums, quotients and is normal, there exists for every open cover U of X an A—walued partition

of unity subordinated to U.

In the following section we introduce fine sheaves, the definitions and proofs are taken from [11].

4.4.2 Fine Sheaves

We assume X to be a paracompact Hausdorff space (e.g. any manifold satisfies these conditions by theorem
4.4.3). A fine sheaf F of R—modules on X is a sheaf that admits an R(X)-valued partition of unity
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subordinate to any locally finite open cover U of X. To be able to formally define this, we need to define

supports,

Definition 4.4.5. Considering the sheaf F, the support of a section s € F(U) for any open U C X is the
closed set {x € U : s, # 0}. O

To see that the support is indeed a closed set, let X be a topological space and F a sheaf on X. Let
UC X and s € F(U). For some x € X\supps, s, = 0. Yet since s, € F, the equivalence relation implies
that there exists some open neighborhood of z, V' C U such that p‘lf (s) =0, so since s, =0 for all y € V
implies that V' C X \supp s, the support is closed.

Definition 4.4.6 (Proposition 12 [11]). A sheaf of R—modules M on a paracompact Hausdorff space X is
fine if for every locally finite open cover U there exist \; € R(X) such that:

i. supp\; C U; for every i € 1

i Y N =L

For an alternative approach to fine sheaves see [5].

Example 4.4.7 (Sheaf of sections of a vector bundle). We show that the sheaf of sections of an R—valued
vector bundle (E, X, ) is fine. By lemma this boils down to the existence of C'*°(X)—partitions of
unity subordinated to a locally finite cover. By theorem since C*°(X) C C(X) is normal, closed
under finite sums and quotients, the sheaf of sections of a vector bundle admits a C'*° (X )—partition of unity

subordinate to any locally finite open cover U/. Thus this class of sheaves is fine. A

Proposition 4.4.8. Fine sheaves are acyclic.

Proof. The proof is Proposition 13 from [11], we chose to go with this proof due to its compactness, for
another proof via soft sheaves see [5]. Consider a fine sheaf F of R—modules, and resolve F by an injective
resolution Z'. We claim that kerd}(X)/im (d7 '(X)) = 0 for all n > 0. Let n € Zso and s € I"(X)
such that d}s = 0. By exactness, s € (im d?il) (X) so by Lemma for each x € X there exists an
open neighborhood of z, U, such that pff (s) € im (d7~'(U,)) so there exists a t, € I""1(U,) such that
d?_l(tm) = pf]i(s) Let U := {U,}zex be the open cover of such U,. Since X is paracompact, there is a
locally finite refinement of U, U = {U;}cr, with corresponding t; € I"~'(U;) such that d} ' (t;) = Py (s).

Since F is fine, there exists an R(X)—valued partition of unity subordinate to U, \; € R(X). Given
a € R(X) with suppa C U and e € I""1(U), we define @e as the amalgamation of pi(a)e and 0 €
I"~1(X\suppa). Using this notation and the fact that U is locally finite,

d?il(X)(Z Aiti) = Z = (X)(Nity)

iel iel
=D o, dE T U (t) = Y o, (Na)ed, (s)
iel iel
= pr](i(/\is) = Z/\is = (ZM) s=s
iel iel iel

Where in equality *, we use the fact that p)Ui()\is) = \;s since supp A; C U;. Hence we conclude that

s €im d?71 when s € ker d7, proving the result. O
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4.4.3 Flabby sheaves

Another class of sheaves we will use in this thesis are flabby sheaves. Later on we will see that the singular
cohomology sheaf is flabby. The results in this section and their proofs are from [5]. To begin with we define

what it means for a sheaf to be flabby:

Definition 4.4.9. A sheaf F on X is flabby if for every open U C X, the restriction map pg¥ : F(X) — F(U)

is surjective. O

Example 4.4.10. e As we have seen as a claim in the proof of the long exact sequence of cohomology,

any injective sheaf is flabby.

e The Godement sheaf Gp is flabby. Recall that, for any U C X open, the restriction map was

ng( : H:EEXPI — HmEUny (Sm)mEX — (S:L’):L’EU

which is clearly surjective.

We will prove that flabby sheaves are acyclic, we will use the following result:

Lemma 4.4.11 (Lemma 5.1.4 [5]). If 0 = A — B — C — 0 is exact and A is flabby, then it is exact after

evaluation by the global sections functor I'x.

Proof. This statement is of a similar nature to claim 2 in the proof of Theorem In fact we can use
the same reasoning as in claim 2, since the only difference is that in the Zorn’s lemma argument we already
know directly that A is flabby. O

Now we prove the final result of this chapter, the proof is an application of Theorem
Proposition 4.4.12 (Proposition 5.1.3 [5]). A flabby sheaf is acyclic.

Proof. We follow the proof of Proposition 5.1.3 in [5]. Let F be a flabby sheaf over topological space X, and

let Z' be an injective resolution. Then for M = im (I° — I'), we obtain a short exact sequence,
05 F 5102 M- o.

First we claim that M is flabby (for this part we follow the proof of Lemma 5.1.5 [5]). F is flabby and
1Y is flabby by claim 1 in the proof of Theorem It is easy to see that then the restriction sheaves F|
and I°|y are also flabby for any open U C X. Also by lemma [4.4.11] and the fact that I'x F|y = F(U), the
sequence

e(U)

0— FU) 2 o) M(U) =0

is exact. Now let m € M(U) then by exactness there exists an n € I°(U) such that ¢(U)(n) = m. Since I°
is flabby, there exists a 72 € I°(X) such that p{¥ (7) = n. Hence,

m = (U)(n) = o(U)(p; (7)) = piy (¢(X) (7))

thus pX : M(X) — M(U) is surjective, proving that M is flabby.
Now by theorem we obtain a long exact sequence in cohomology,
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0
0 HYX; F) = HOX; 19 - HOX M) D B (X ) ——s T

L o — H" Y X M)y HY (X F) = HY(X 1) —— .

We will now use the exactness of the sequence to obtain our desired result. First we prove that H(X; F) =
0. Since F is flabby, we find by Lemma that,

0—>TxF —=TxI°=TxM—=0 (4.1)

is exact. Hence, im (0° : HO(X; M) — H'(X;F)) = 0 since by proposition [3.5.2ii), the global sections
are isomorphic to the 0—th cohomology groups. By exactness of the long exact sequence in cohomology,
the kernel of the morphism H!(X;F) — H!(X;I°) is trivial. Hence by the first isomorphism theorem for
modules, H'(X; F) = H'(X;I°). By proposition m(i), I° is acyclic (since it is injective). Consequently,
HY(X;F)=0.

Now assume by strong induction that for some n € N, all flabby sheaves F and all k < n, H*(X; F) = 0.
Then in particular, since M is flabby, H*~1(X; M) = 0. Since I° is acyclic, we also have H*(X;1°) = 0. So

by our long exact sequence in cohomology,
0— H*X;F) =0

is exact. Therefore H*(X; F) = 0. O
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5 Cohomology Theories

In this section, we apply the tools introduced in this thesis to establishing an equivalence of cohomology
theories via sheaf cohomology. In particular, the aim of this chapter is to provide a description of the proof

of de Rhams theorem via sheaf cohomology.

5.1 De Rham Cohomology
Let X be a manifold. In Example we saw that the k—forms corresponded to maps
k

w:XBprPE/\T;X.

We denote the set of all k—forms over X by Q¥(X). These sets along with the differentials (for details see

1),
d¥ QR (X)) — QFFL(X).

We define the De Rham complex as,

dO
The De Rham cohomology modules are the cohomology modules of this complex. Note also that De
Rham cohomology is an invariant for manifolds.

Definition 5.1.1. Let X, Y be manifolds and f,g: X — Y be smooth maps. These are said to be smoothly

homotopic if there exists a smooth homotopy

F:Xx[0,1] =Y
such that F(—,0) = f(—) and F(—,1) = g(—). A smooth homotopy equivalence is a homotopy equiva-
lence existing out of smooth homotopies. O

Theorem 5.1.2 (Homotopy Invariance). Let X,Y be manifolds. If f,g : X — Y are smoothly homotopic
maps, then they induce the same homomorphisms in cohomology. Furthermore, if f is a smooth homotopy

equivalence, then X and 'Y have isomorphic De Rham cohomologies.
Proof. See Theorem 5.41 [1]. O

We can relate De Rham cohomology to the cohomology of a sheaf.

5.1.1 Sheaf Cohomological Version
Let X be a manifold and R be the constant sheaf on X, Q¥ the sheaves of k—forms on X. Recall that in
Example we have defined the differentials so that,

0—->R—

defines cochain complex, which when evaluated under the global sections functor corresponds to the standard

De Rham cochain complex whose cohomology groups we denote by H, é“R(X ,R).
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Lemma 5.1.3. Let X, R and Q be as above. The de Rham complex
0—>R—

is exact. The sheaves Q¥ are fine, hence this is an acyclic resolution of R

Proof. By the Poincaré lemma, since X is a manifold, and hence locally euclidean, for every z € X there
exists a neighborhood U, such that 0 — R(U,) < Q' (U,) is exact. From this, we deduce that the complex of
sheaves is exact in the stalks. Hence by Theorem [3:2.4] we conclude that the complex is exact. In Example
we outlined how the existence of partitions of C°(X) partitions of unity implies that the sheaves QF
are fine, hence by Theorem this resolution is acyclic. O

Corollary 5.1.4. There exists an isomorphism of cochain complezes,
Hyp(X,R) = H'(X;R)

Proof. By the previous lemma, " is an acyclic resolution of R, and acyclic resolutions induce isomorphic
cohomologies to the sheaf cohomology by the De Rham-Weil theorem (Theorem [4.3.2)). O

5.2 Singular Cohomology

In this section we will define the singular sheaf cohomology. We follow [12] which gives a more comprehensive
definition than in [4] and relates to the definition in [2]. We define singular cohomology by means of the dual
concept.

5.2.1 Singular Homology

We give a brief introduction of singular homology as covered in [2] with some details from [13]. First we give

some definitions.

Definition 5.2.1 (Geometric p-simplex). We list some definitions related to geometric simplices.

(Geometric simplex) A geometric p-simplex is the subset,

P p
[UQ,...,UP] :{Ztﬂ)iOSQ S 1,Zt2 :1} CRn.
=0

1=0

Where p is the dimension and vg,...,v, € R" are the vertices. The coefficients %, ...,%, are called
the barycentric coordinates of point Zf:o tivi € [vo, ..., Up).
(Faces) Faces are nonempty simplices whose vertices are contained in {vg,...,v,} and boundary

faces are the p — 1-dimensional faces. There are p+ 1 of these and the i—th boundary faces is denoted

Oi[vo, - ., vn) = [0, ..., Us,...,0p] (where the v; is omitted).

(Standard Simplex) The standard p-simplex is denoted by A, := [0, e1,...,ep] C R” whereey, ..., e,
are the standard basis vectors in R™. Let X be a topological space. A continuous map o : A, = X is

called a singular p-simplex in X.



5 COHOMOLOGY THEORIES 48

(Singular chain) For any topological space X, Cp(X) is the free R module generated by the singular
simplices and called the singular chain module of X in degree p. An element o € Cp(X) is called

a singular p chain.

(Affine Singular Simplex) In the case that X C R™ convex, for any wy,...,w, € X, there exists a
unique affine map ¢ : R? — R™ generated by e; — w;. Then A(wo,...,wp) := ¢|a, is called the affine

singular simplex in X.

(Face Maps) The face maps in A, are the p + 1 affine p — 1—singular simplices in X, denoted Fj , :
Ap_1 — A, and induced by eg — €g,...,€i—1 > €;_1,€; = €i11,...,€p—1 — €p, and the domain is

isomorphic to 9;A,.
O

Definition 5.2.2 (Singular Boundary Operator). The singular boundary operator 9, : C,(X) —

Cp—1(X) is the R—module homomorphism induced by the maps on basis elements o € C,(X),

n

On(0) = Z(—l)ia o Fjp.

i=0

We can in fact prove that the concatenation of these boundary operators forms a chain complex

s Cp(X) = Oy (X)) = - = Co(X).

Lemma 5.2.3. The composition of boundary operators is trivial, i.e. 0" 100" = 0.
Proof. We follow the outline sketched in Lemma 18.2 [2]. This is just a simple computation, first off assuming
J >,
Fjnt10F; n(An—1) = Fjnt1(0:A,)
= 0;0jAnt1 = 0;-10;Ans1
= L'in+10° ijl,n(Anfl)

where the second to last equality follows by j > ¢ implying that the i-th face of the j-th face of A, y; is the
j — 1-th face of the i—th face of A, 1. Hence giving us the formula,

Fini10Fin=Finr10Fj 1, (5.1)
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Now let ¢ € Cy41(X). Writing out the summation and using some simple manipulations we obtain,

n—1 n—1 n

00 (e) = S (1) 0"() 0 Fiw = 3 (1) [ S (-1Vco Fjuer | 0 Fi
i=0 i=0 j=0
n—1

n
- Z(—l)i+jCOFj7n+1 OF"i,n

= Z (_1)i+jco Fj’n+1 o Fi,n + Z(_l)’i+jco Fj,n+1 o Fi,n

i=0 \j=i+1 j=0
Using formula (1) we can rewrite the left summand as follows,

n—1 n

n—1 n
o (1) o
> Y () HeoFjuoFn =) Y (-1 coFiupioFjiy,
i=0 j=it1 i=0 j=—it1

n—1n—1

=3 > () o Fnpao Fiy
i=0 j=i

n—1ln—1

— Z Z(_1>j+i+1co Fjni10Fi,
Jj=0 i=j

n—1 1<

= Z Z(_l)j+i+1c © Fj,n+1 o Fi,n-

i=0 j=0

Now factoring out —1 this is precisely the negative of the right summand. Thus these two cancel out and

hence 9,1 0 9,(c) = 0, completing the proof. O
In light of this, homology being the dual to cohomology we can define boundaries and cycles.

Definition 5.2.4. We call a singular p—chain ¢ : A, = X a p—cycle, denoting the set of p—cycles by
Z,(X). If 97(c) = 0 and a p-boundary if there exists a p + 1—chain b such that ¢ = 97+ (b), the set of such
chains is denoted B,(X). Using this we can define the p—th homology as,

Hy(X) = Zp(X)/Bp(X)
the quotient module well-defined since by the previous lemma B,(X) C Z,(X) is a submodule. O

5.2.2 Homotopy Invariance of Singular Homology

We paraphrase the section on homotopy invariance of singular homology in Hatcher [13]. Although this is a
bit of a tangent from the main topic of this thesis, we chose to include this as another application of some
homological in the dual category of chain complexes. The goal of this section is to show that the singular
homology of a contractible space is trivial, this result will play an important role in proving the exactness of

a resolution by singular cohomology sheaves.
Lemma 5.2.5. A continuous function f : X —Y induces a chain homotopy f, : C.(X) — C.(Y)

Proof. Define f; to be the R—module homomorphism induced by the mappings of singular n—simplices
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o0:A, = X, 0 foo. The f, commute with 9. as for all 0 € Cp,41(X),

n+1 ) n+1 .
[ 00nia(o) = f% (Z(—l)za ° Fi,n+1> =Y (-1)'foooF;nn

1=0 =0

= 0n(fo0) =8no [ (o).
Hence [}, is a chain map. O

As with cochain maps, we can argue that chain maps induce homomorphisms on the homology modules.
Namely, let @ be a cycle. Then since fx is a chain map, 0(fx(a)) = fx(9a) = 0. By the same reasoning we
can conclude that if § is a boundary such that § = da for some «, then fu(8) = 0fx(«) is a boundary. We
denote the induced homomorphism f, : H,(X) — H,(Y).

Theorem 5.2.6 (Homotopy invariance). Singular homology is invariant under homotopy

Proof. The proof is of a similar nature to the one we saw for the homotopy invariance of cohomology. The
essence is to prove that two homotopic functions f, g : X — Y induce chain homotopic maps fx,gx. Given

a homotopy F : X x [0,1] = Y between f and g, we define the operator,
Pn : C (X) — Cn-l—l , 0 — Z FO 0 X 1dO 1])I[vo,.‘.,vi,w.;,.‘.,wn}

This operator is well-defined since the n+1—simplices [vo, . . ., vs, w;, . . ., wy] given maps o xidg 11|[w,,...,0;,wi,

Apy1 =Y € Cppq(Y). Example 77 gives some intuition of what these simplices are.

Claim 1. f, and g are chain homotopic, that is, Op+10P,+ Py 100, = g;ﬁ'l f;z“.

Let 0 € Cp,(X) by some singular n—chain. Note that,
n
8nOPn(O'):Z(—1)'LP ( OanJ,-l ZZ H—JFO UXIdOl])“vo, VWi ,wn]on,n-‘rl'
=0 1=0 5=0
We can split this into two summations,
ZZ H_JF’O 0' X 1d[01 )|[v0,...,f1j,...,vi,wi,...,wn}

=0 j=0

n
+Z(—l)i+j+1F o (o x idjg))|[Vo, -+ s Vi Wiy« ooy Wy, oy Wy

Now in the cases were i = j the terms of the left summation
(71)i+1+i+1F o (0’ X id[071])|[’U0, e, U4y 1A)i+1, Wit1y--- ,wn]

cancel with the terms
(=) Fo (o x idjo,1))[[vo, - - -, Viy Wi, Wit 1, - oo W

Leaving the terms

Fo(ox id[o,l])|[170,wo, .oy wp] = Fol(o|a, X id[oJ]\{o}) =goo = g;f'l( o)
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and
—F o (0 xidjg1))|[vo, - -+, Vn, Wn] = —F o (0|a, 0idp1jlf1y) = —foo = — ;H(a).
Note that,
Pp100n(0) =Py [ D (100 Fjn | =Y (1) Pa_i(oleo,- -, é5, .. en))
§=0 §=0
Since each olleg, ..., éj,...,en] 1 0;A, x [0,1] = X x [0, 1] we have a choice of vertices, vy, ..., 0;,...,v, and
wo, ..., Wj,...,w,. Where again 9; denotes v; being omitted. Hence,
j—1
Pnfl(o-l[eoﬂ s 7éj7 s 7n]) = Z(_]‘)lF © (U X id[O,l])'[U07 <o U, Wy - 7UA}j7 v ,’ll)n]
i=0
n—1
+ Z(—l)lF o (O’ X id[o,l])‘[v(), . 77:}_7'7 oy Vi1, Wi 1y e - 7’(1).”].
i=j

Which can be rewritten as,

j—1
P._1(olleo;---,&j5,...,n]) = Z(—l)zFo (o x idjo)|[vo, -+ - s Vi Wiy« o oWy, -y Wy
i=0
+ (—1)"*Fo (0 x idjo 1) [[V0, - -5 Dy e v vy Vi Wiy ooy W)
i=j+1

n+l fn+1
#

Thus we obtain the expression 9,110 P, + P,_100, =g i and so fx and g4 are chain homotopic.

Now to show fI and g7 are the same. Let a € C,,(X) by a cycle, since
g;&(a) - f:;bﬁ(a) = an—‘,—l o Pn(a) +P,_10 an(a) = a7z+1 © Pn(a);

cycles are sent to boundaries, thus ¢7([a]) = f7([e]).

Similarly to cochain maps, chain maps satisfy the operations, (fog)} = fI'ogl and (idx)} = idg, x) for
all n. Therefore, if f : X — Y is a homotopy equivalence, since there exists a g : Y — X such that fogis
homotopic to idy and go f is homotopic idx. We can conclude that, f'og)' =idp, (v) and g o f' =idy, (x)
thus that H,(X) = H,(Y) for all n. O

A space X is contractible when it is homotopy equivalent to a point. The following is a consequence of

the theorem for contractible spaces.

Corollary 5.2.7. A contractible space X gives us a trivial singular homology.

Proof. Well by the theorem, H, (X) = H,({p}) for some point p. C,({p}) is the free module R[A,, — {p}] =
R[py]. So for n uneven, 0y, (rp,) = rpn—_1, while for n even, 9, (rp,) = 0. Thus H,({p}) = 0. O
5.2.3 Singular Cohomology

In this section we define singular cohomology as covered in e.g. [2]. We consider the singular cohomology of

the vector space R although this can be generalized to modules.
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Definition 5.2.8. Given a topological space X, define C?(X) = Hom(C,(X),R). Clearly C?(X) admits a
vectorspace under point-wise addition and scalar multiplication,

(f +9)(@) == f(x) + g(x), f,9 € 5a,(U),zeCp(U)
(r- @) =r-f(z), f€5a,U),zeCpU).

O

Definition 5.2.9 (Singular Coboundary Operator). Using that Hom(—,R) is a contravariant functor, we

can define the singular coboundary operator as,
d™ = Hom (0", R) : Hom(C,,(X),R) — Hom(C,,11(X),R), 0 = (—1)" "0 0 0py1.

This is clearly a module homomorphism. O

Remark 5.2.10. Since for d"*! o d" = Hom(9,12, R) o Hom(9,, 41, R), the function maps
o= (=1)"" . (=1)"000p4200,41 =0
we have that d” o d"*t! = 0. Hence,
0 X)L ol(x) ...

is a cochain complex of presheaves. In particular the dual is exact if the original is. O

Definition 5.2.11 (Singular Cohomology). In light of the above discussion, the n-th singular cohomology
module is defined as,
H: (X,R)=H"(C(X)).

sing
O

In addition, since we defined singular cohomology via singular homology, we can extend our results from

singular homology to this new situation. In particular,
Theorem 5.2.12 (Homotopy Invariance). Singular cohomology is homotopy invariant.

Proof. Follows easily from the homotopy invariance of singular homology, as mentioned in [2]. O

5.2.4 Sheaf-Theoretic Singular Cohomology

As we develop this for the proof of the De Rham theorem, let X be a smooth manifold and M = R. In this
section we follow |12]. We will start by finding a resolution of R that gives us a cohomology isomorphism to

the singular cohomology and then show this is indeed the case.

Definition 5.2.13 (Singular Cohomology Presheaf). Define C? : U +— Hom(C,(U),R) = (Cp(U))* to be
the singular cohomology presheaf. Note that for opens U C V C X there is an obvious inclusion map
W2 Cp(U) — Cp(V) defined by the fact that any p—simplex on U is also a p—simplex on V under the

inclusion U C V. These induce the restriction maps,

pt  CP(V) — CP(U), frs fou
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on CP. O

Definition 5.2.14 (Singular Cohomology Sheaf). The sheafification of the presheaf C™ gives us the singular
cohomology sheaf, C". O

Lemma 5.2.15. When X is a smooth manifold, C* is a resolution of R.

Proof. For the first part of the proof we follow Remark 10.67 [12]. For any U C X, C°(U) = Hom(Cy(U),R(U))
where Cy(U) is the vector-space generated by the 0—simplices Ag — U which are really points in U. Hence
as Co(U) can be written as
{Zﬂ.’lﬁi S Zzo,ﬂ € R(U),.Tz € U}
=0

Hence for any f € CO(U), for any z € Cy(U) there exist n € Zxq, r; € R(U), z; € U such that,

fla)=1f (ZMH) =Y rif(@).
i=0 i
So the function f is really defined by how it behaves on U — R(U). So we can reinterpret C°(U) as functions
U — R(U). Using this information, we begin by showing that
EM o d° 1
0>R—C"—C
is exact. Note that ¢ € kerd” <= 108! = 0. Now for any o, '(c) = 00 Fy1—0coFy 1, where F; 1 are really
just points. Hence 9 0 9! = 0 if, and only if ¥(x) = 9(y) whenever z and y are in the same path-component
(as there is then some 1—simplex ¢ : Ay = [0,1] — U with ¢(0) = 2 and o(1) = y). So if, and only if, ¢ is
locally constant. So ker d° constitutes the locally constant functions over R. However, we note that e,;(U)
is defined to be inclusion map of locally constant functions on U (so ey is a monomorphism). Thus giving

exactness. Passing this through the sheafification functor, we conclude that
0-R—=C"—C!

is exact. Since X is a manifold, X is locally contractible, consider for any x € X a contractible neighborhood
U,. Then,
C"HUp) = C™(Up) = C"TH(Uy)

is exact since, Cp41(Up) = Cpn(Up) = Cr—1(U,) is exact by Corollary (using that any open U C X of
a manifold X is a submanifold). So the sheafification is also. Hence we get exactness at the stalks, which is

equivalent to the standard exactness, completing the proof. O

Before we are able to prove sheaves are flabby, we will need the following lemma which gives a general

condition for when the sheafification map is an epimorphism,

Lemma 5.2.16. In a paracompact Hausdorff space X, given a presheaf P for which the gluing axiom holds,
the canonical map of the presheaf into its sheafification « : P — FP is epimorphic (recall this essentially
means P(U) — FP(U) is surjective for any open U C X ).

Proof. The proof is really based on the proof of a similar statement for the Alexander Spanier sheaf, Propo-

sition 4.4 [4]. We also used some inspiration from a stackexchange post by Eric Aulder [14]. Let s € FP(U).
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By paracompactness, there exists a locally finite cover U of U with for each U; € U, corrosponding elements
s; € P(U;) such that a(U;)(s:) = p, (s). We want to make use of the fact that the gluing axiom holds for P
to make our conclusion. Since « is not necisarily injective, we need to make some choices regarding our s;.

Recall that stalkswise, the map behaves injectively, so for ¢, j such that U; and U; interesect,
pUif"lUj (81) - pU:ﬁU]‘ (SJ)
may not necessarily hold, while we can find a neighborhood W; ; of some x € U; N U; such that,

U; U.
pw,, (si) = pw, ,(s5)-

We can pass to a refinement of I, V such that V; C U; (we use this fact without proof). Since V is locally
finite, for any z € X, x intersect only V,,,...,V,, for some n € Z>y. Now define the set A, to be the set

(N3Va,) U (Vg Vi)
this set is open by virtue of having a closed complement, and nonempty since V is still a cover. By the
property, V; C U; we also guarantee that only the U,, have nontrivial intersection with the complement.
This allows us to conclude that for any y € A, for any i such that y € V;, x € V.

Additionally, [sq,]. = [se,]. for all 0 <i,j < n so there exist open neighborhoods of 2, W,, , such that
plvj[fm ) (8z;) = p‘i;’: 7 (52,). Define B, := U; ;W,, ;. Using these, define U(x) := A, N By, this is an open

neigﬁborhood of 2 which bears the following properties:
i. ifyeU(x) and y €V, thenz €V}

ii. The s; for which the U; D U(x), all coincide on U(z)

Using the procedure outlined, we can assign such neighborhoods U (y) to all y € X. Define s(¥) = pg"(y) (si)
for i such that U; D U(y). For all z,y € X, the s®*) and s coincide on U(z) U U(y). Therefore, using
the gluing property of P, we can obtain an § € P(U) such that pg(x)([s') = s(®). Consequently, § maps to
s € FP(U) via a(U), completing the proof. O

Using this lemma, we are able to prove the next lemma,

Lemma 5.2.17. C"(U) = C™"(U)/C™(U)o where C™*(U)o := {c € C™(U) : there exists an open cover U :
pg.(¢) =0 for all U; € U}.

Proof. Proof by author. We can easily show that C" is glueable (by gluing in the obvious manner on the
basis of the C™(U;) and then extended to the entire C™(U) by injectivity of R; that vector spaces are injective
is a standard result see Dummit and Foote Example (5) in section 10.5 after Proposition 10.5.36). Since C"
is glueable and the space X paracompact and Hausdorff, o : C" — C™ is an epimorphism by the previous
lemma. Now by the first isomorphism theorem for sheaves, C™ = C"/ker a. Now, for some U C X open,
¢ € kera(U) if [¢], = 0 for all z € X, hence, if there exists an open cover U such that pg (c) = 0 for all
U; € U. Additionally, if ¢ € Cj(X)o, then ¢ € ker a(U) since then [¢], =0 for all z € U. O

Lemma 5.2.18. If X is a smooth manifold, the sheaves C™ are flabby.
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Proof. This proof is based on part of the proof of Proposition 10.69 [12]. Since for U C V, C,(U) C Cp(V),
by passing to the dual via the contravariant Hom functor, we find that C™(V) — C™(U) is surjective, so C"
is a flabby presheaf. To prove that C" is flabby, we use the previous result to obtain the diagram,

c(V) —————C"(U)
L7
~v
CM(V)/CM (V) = C™(U)/C™ (U)o
Note that p); is well-defined and still surjective. Well-definedness follows since for any ¢ € Cft(U) we have
that p¥(c) = co for v : C,(U) — C,,(V) the canonical inclusion and hence [c o ¢], = [c], for all z € U so
that cov € CJy(U). To complete the proof we show this diagram commutes, this follows from the fact the
vertical isomorphisms are sheaf isomorphisms, namely, call the isomorphism a(U) : C* — C™(U)/C™(U)o,

then p; = a(U) L oa(U) o p; = a(U) 7 o pl; o (V). Hence the restriction maps py; are surjective, so C" is
flabby. O

So since flabby sheaves are acyclic the de Rham-Weil theorem implies the following,

Corollary 5.2.19. The sheaf-theoretical singular cohomology H (C') is isomorphic to standard cohomology
H (X;R).
Thus we have a sort of sheaf-theoretical method for computing the singular cohomology. What remains

it to show that this indeed related to singular cohomology, which will be proven in the next section.

5.2.5 Equivalence to the Classical Singular Cohomology

In this section we outline the correspondence between the sheaf-theoretical singular cohomology defined above
and the classical singular cohomology defined in [2]. Note that as defined in [2], the singular cohomology is

the cohomology of the sequence,

0—CYUX)—=CHX) —....

Such that HE

sing

(X3 R) = Homg (Co(X), R) = (C(X))".
Theorem 5.2.20. Sheaf-theoretical singular cohomology is isomorphic to classical singular cohomology.

Proof. We follow the proof of theorem 10.76 [12], with the addition of the case k = 0 made by the author.
In Lemma we have proven in particular that,

0->C"(X)g—>C"(X)—=C"(X)—0
is a short exact sequence for all n € Z>(. This gives us the short exact sequence of cochain complexes,
0—C"(X)y—C"X) =-C"X) —0.

By claim 3 in the proof of Theorem [{:2.1] we have proven that this induces the long exact sequence in

cohomology,



5 COHOMOLOGY THEORIES 56

00— H(C(X)y) —— H°(C (X)) —— H°(C' (X)) T

L HY(C' (X)) —— HY(C"(X)) —— H'(C'(X)) ——— ...

Since C'(X)g is acyclic, which we prove below in Theorem , we conclude that H*(C" (X)) = H*(C(X)) for
all k > 1. Where H"(C'(X)) = HE . (X,R) and H*(C (X)) = H*(X;R). Recall also that by Proposition
B50)

HY(X;R)={f: X —R: f locally constant}.

Also, HY,,,(X,R) = Cy(X)*. Now without too much effort, it can be shown that Co(X)* is isomorphic to

the path components on X. Hence H _(X,R) is isomorphic to the set of functions for which each path-

sing

component is assigned a real number, which is (isomorphic to) the set of locally constant functions f : X — R,

completing the proof. O

As mentioned in the previous proof, it remains to show that C'(X)g is acyclic. This is proven in the next
theorem. First we introduce some important properties. First the following property from singular homology

theory.

Theorem 5.2.21 (Proposition 2.21 [13]). Define CY(X) := {f € C,,(M) : there ezists an i € I such that im f C
U;}. Then the canonical inclusion ¢ : C¥(X) — C,(X) is a chain homotopy equivalence.

Proof. Omitted. See Proposition 2.21 in [13] for a proof. The proof is rather technical, using a process known

as Barycentric subdivision. O

Using the definition in the above theorem, we define CJ; = (C¥(X))". Since —* is a contravariant functor,
C™(X) — CJj(X). Defining Cj;(X)o to be the kernel of this map, we obtain the following result,

Lemma 5.2.22. Let X be a smooth manifold, the CJj(X)o form a direct system with the indexing set being
the open covers U, and
C"(X)o = lim Gy (X )o-
u

Proof. See Lemma 10.73 [12]. See Appendix B for a refresher on the direct limit. O
Using these two results we are able to prove the final theorem.

Theorem 5.2.23. The cochain complex C"(X)g is acyclic

Proof. Consider the exact sequence of cochain complexes,
0—-Cy—C(X)—CyX)—o.

By claim 3 in the proof of Theorem [4.2.1] this gives us the exact sequence,
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0 ——— HYC;/(X)o) —— HY(C (X)) —— H°(C;(X)) j

L HY(Cj(X)o) —— HY(C (X)) —— HYCj (X)) ——— ...

Recall that when proving that singular homology was homotopy invariant, in Theorem we showed
that chain homotopy equivalences induces isomorphic cohomologies. Hence we can conclude by theorem
that Hy(C.(X)) 2 H,(CY(X)) for all k € Z>g. So passing to the dual, we conclude that H*(C"(M)) =
H*(C;,(X)) for all k € Z>o. Hence by exactness of the above sequence, we conclude that H*(C;,(X)o) = 0
for all k£ > 1, so in other words, the cochain complex Cj,(X) is exact. Now by lemma and the fact

that the direct limit preserves exactness, as proven in Appendix B, we conclude that

@CQ(X)O = C"(X)o is acyclic.
u

Using the results described in this section we obtain the following result,

Corollary 5.2.24 (The De Rham Theorem). Let X be a manifold and R be the locally constant sheaf
associated to R, then

Hip(X) = H'(X;R) = Hy, (X, R),

sing
Proof. The first isomorphism follows from Corollary and the second from Theorem O

This tells us that under certain conditions, De Rham and singular cohomology are isomorphic. In partic-
ular, we see that sheaf cohomology is a usefull tool in the comparison of cohomological invariants. The De
Rham and singular cohomology are computed in very different ways, yet essentially boil down to being the

same invariant for manifolds.

5.3 Concluding Remarks

We generalized sheaf theory a bit further than necessary in this thesis. Hopefully this suggests there are many
more applications. We could have taken a further step into abstraction by working with abelian categories
instead of working with the concrete category of sheaves see for example [§]. Additionally, as a result of this
survey of sheaf cohomology, we know how to approach different cohomology constructions. For example, as
pointed out by the supervisor, group cohomology can be defined similarly using the knowledge of homological
algebra developed here, see an algebra textbook such as the one by Dummit and Foote for such a construction
[3]. Given more time, we would have properly proven the homotopy invariance of the sheaf cohomology, and
maybe further topics such as the cohomological dimension [5]. It may also have been interesting to see the
applications of cohomology in proofs of other theorems such as a generalization of the Jordan curve theorem
[4]. A further study of sheaf theory may have also been interesting, such as the connection of locally constant

sheaves to flat vector bundles as pointed out by the supervisor.
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A Vector Bundles

Definition A.0.1. Let M be a smooth manifold. Consider a smooth manifold E together with surjective
map 7 : E — M whose fibres 7~!(p) are k—dimensional vector spaces over K for every p € M (with k being
fixed). We call this pair a K—vector bundle (for field K) of rank k over M if for every p € M there exists
an open neighborhood U, of p and a diffeomorphism @y, : 71 (U,) — U, x K™ such that:

U, xK™
Lop” " oy, =m

2. ¢y, g, : {g} x K™ = K™ for every ¢ € U
We call @y, the local trivialization at p. O

The local trivialization property plays an important role in this definition. Namely, since around every
point there exists a neighborhood U, and a diffeomorphism between the vector spaces assigned to the points,
HpeUp E, and U, x K", the canonical identification of vector spaces to points, we know there is smoothness
between the neighboring vector fields that are assigned through 7. The properties of this diffeomorphism &
are then fairly logical from this standpoint. Since, ® restricts to m, each of the vector fields E, is identified to
p via ®. The second property tells us that the vector field structure of each F), is preserved via ®. Intuitively,
the vector bundle then assigns a vector field of fixed dimension k to every point on manifold M in a manner

such that there is a smooth structure between neighboring vector fields.

Remark A.0.2. When (F,7) is a smooth vector bundle over M, 7 is in fact a submersion, this follows by
the local trivialization property. Namely, let p € E then by definition there exists an open neighborhood U
of m(p) in M such that @y : ﬂ(}l — U x K™ is a diffeomorphism and hence a submersion. Now the projection

ngK is per definition a submersion. Thus 7 is a submersion as the composition of the two. O

Example A.0.3. 1. The trivial smooth vector bundle of M is (E,7) such that there exists a local triv-
ialization with neighborhood M such that E is diffeomorphic to M x R*. Hence generally we study

vector bundles where E has some non-trivial topology and smooth structure.

2. Given an m—dimensional real valued smooth manifold M, the tangent bundle TM is a smooth vector
bundle with the canonical projection map « : TM — M, (p,v) — p. Recall the smooth structure of
the tangent bundle is induced by the smooth structure on M consisting of elements (U, ¢) and given
by (#71(U), @) where the 7=1(U) C TM induce the topology on TM and the maps are given by

= — m m 6
pm 1(U)—HR x R ,via—gp.\p»ﬁ(wl(p),...,gom(p),vl,...mm)

so that TM is a 2m—dimensional smooth manifold as proven in Proposition 3.18 in [2].

Next by construction each fibre of 7 given by m~!(p) = T,,M for any p € M is an m—dimensional real

vector field. Furthermore, for a point p € M there exists a chart (Up, ¢) with p € U,, now we define

0
Q7 HU) = U X R™ v;=—|p = (D, 015+ -+, V).
0
Composition with ¢ x idgm gives @, thus since ¢ and ¢ x idgm are diffeomorphisms, @ is (as argued in
Proposition 10.4 in [2]). The properties of local trivialization clearly hold.
A



A VECTOR BUNDLES 59

Another common example is the cotangent space. Since the cotangent space is just fiber-wise the dual of
the tangent space, in defining the vector bundle, it is practical define some operations on tangent bundles.

For defining these, the following lemma can be used,

Lemma A.0.4 (Chart lemma). Let M be a smooth manifold and for every p € M a vector space E, of some
fized dimension k. Define E := HpeM E, and w: E — M, (x,p) — p. Suppose also that:

i. {Ua}aer s an open cover of M

ii. For alla € I, ®, : 71 (U,) — Uy x RF is bijective and for every p € M, ®, induces an isomorphism
E, = {p} x R* of vector fields.

iti. For all o, B € I such that U, NUp # @ there exists exists a smooth map 75 : Uo N Uz — GL(k,R)
such that @, o @gl : (v,p) = (Tap(P)v, p) is a linear isomorphism.

Then E has a unique smooth structure (inducing the topology also of course) so that (M, E,w) form a

smooth R—wvector bundle over M with rank k and {(Ua, o) }acr as the local trivializations.
Proof. Lemma 10.6 in [2]. O

This lemma is useful for, in particular, defining operations on vector bundles such as the wedge product

or dualization. We will not prove these operations here, for more details see [1].

Example A.0.5 (Covector bundle). Similarly to the tangent space (p;)i<i<m induces the basis of the
cotangent space at a point p via the differentials (dy;),. Hence given a smooth chart (U, ¢) of M, we can
define the local trivialization in a similar fashion to (2) in Example By a similar reasoning as with the
example for tangent bundles we can establish the equivalence between sections of the cotangent bundle and

differential 1-forms, since a 1-form on U is a smooth map w : U 3 p — w, € T M. A
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B Category theory
We briefly give some category theory definitions.
B.0.1 Pullback and Pushout

The pullback and pushout are each others duals.

Definition B.0.1 (Pullback). Let C be a category. Given a diagram of the form,

Y

;

consisting of objects Y, Z and morphisms f,g. A tuple (P,¢: P — X,7: P —Y), consisting of an object P

X%

and morphisms ¢, 3, is said to be the pushout if for any other tuple (Q,a: Q — X, : Q — Y) there exists a
unique morphism « : P — @ such that,

commutes. O
Dually,

Definition B.0.2 (Pushout). Let C be a category. Given a diagram of the form,

N—>~

X3

constisting of objects Y, Z and morphisms f,g. A tuple (P,.: X — P,3:Y — P), consisting of an object P
and morphisms ¢, 7,is said to be the pushout if for any other tuple (Q,a: X — @,5:Y — Q) there exists a
unique morphism v : P — @ such that,

)~<

—
Q

N

commutes. O
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B.1 Direct Limit

For our understanding of the direct limit we made some exercises in Dummit and Foote [3]. Intuitively, a
direct limit is a method to construct objects out of smaller objects. To define the direct limit, we first define

what a directed set and directed system,

Definition B.1.1. e A directed set is a set A # & with a reflexive and transitive binary relation <.

Such that for any a,b € A there exists a ¢ € A such that a,b < c.

e Let (I, <) be a directed set, and {A; : i € I'} an indexed set of R—modules (or rings or groups). Also
let f;;: Ai = A; be homomorphisms when ¢ < j and such that

1. fi,i = idAi
ii. The composition is transitive, f; r = fjro fi; forall i <j <k.
Then we call (4, fi ;)i jer a directed system. O

Definition B.1.2 (Direct limit of an algebraic object). Given a directed system (A;, fi ;)i jer, the direct

limit, is defined as,

where for z; € A; and z; € A;, x; ~ x; if, and only if, there exists a k such that 4,5 < k and f; x(2;) =
fin(z)) O

Example B.1.3 (Stalk). In the definition of the stalk of a sheaf, we claimed that the stalk can be expressed
as a direct limit. We work this out here. Let S be a sheaf on X and x € X. Let I be the open neighborhoods
of  in X. This forms a directed set under the partial order of reverse inclusion A < B <= A D B, which is
obviously reflexive and transitive. Now in the definition of directed system, the f4 g represent the restriction

maps pg. Obviously, then the properties of directed system hold, as these are precisely those of the presheaf.

Now,
lim S(U) = [ S@)/ ~={(5,U):s€ SU),z €U}/ ~.
Uerx
Where s ~ v if, and only if, there exists a W such that W € W NV C U so such that W C U NV and so
that pf,(s) = p};;(v), this is precisely the stalk. A

Example B.1.4 (Direct limit of rings). Let (I,<) be a POSET (partially ordered set). For each i € I
let (A;,+) be abelian. In this example, we work through exericse 7.6.8 of Dummit and Foote |3]. Suppose

(Ai,pij)ijer is a directed system and let B = [[,.; A;/ ~. (a) ~ is an equivalence relation Clearly

iel
reflexive, since ¢ < 4, and p; ;(a) = p; ;(a). Now suppose a ~ b then there exists a k such that p; (a) = p; (D)
so clearly b ~ a. Finally we show it is transitive, which is the harder part. Suppose a ~ b and b ~ ¢. Then
there exist a k, k' € I such that i4,4, < k and ip,%. < k' and p;, k(a) = pi, k() and p;, (b)) = pi_ i (c). Since

I is directed, there exists a k such that kK < k. Thus,

P Pia. k(@) = p;, 1(0) = Py 1 (i, 1 (D)) = by, 5(c)
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So a ~ c. (b) Denote by [z] the class of z in A and define p; : A; - A by p;(a) = [a], if each p, ; is
injective, then so is p; Let [z] € ligAi be a class of x € A; and define

pit A = Az [x].

Since p;(z) = pi(y) <= = ~y <= there exists a k € I such that p; x(z) = p; x(y). Now p; ; is injective
for all i,j € I thus x = y. Thus p; injective.

(c) Assume p; ; are group homomorphisms. Let a € A; and b € A;. Then [a] + [b] = [p; x(a) +
p;jx(b)] for some k € I such that i,j < k First we prove it is well-defined. Let a ~ @’ and b ~ b’ and
let kq,ky € I such that ke, ky < k. Then [a] + [b] = [p; i(a) +p; (O] = [py p(a) +pj g (V)] = [a] + [V].
Now we show this operation gives an abelian group. Well obviously the identity is [0], and the addition is
commutative. Given some [a], —p; ;(a) is the inverse of p; ;(a) so the inverse of [a] is —[a]. Also associativity
follows by the fact that the p; ; are homomorphisms and by a composition rule of p.

Finally we prove the p; in (b) are group homomorphisms. Well p;(z + vy) = [z + y] = [pii(z) + pi.i(y)] =
[z] + [y] = pi(z) + pi(y).

(d) If the A; are all commutative rings with 1 and the p, ; ring homomorphisms with 1 — 1
then A can be given the structure of a commutative ring By (c) lignAi is an abelain group and p;
are group homomorphisms. Let a € A; and b € A; and let k € I such that i,j < k. Define [a] x [b] =
[pi,x(a) X p; r(b)]. This is well-defined by similar reasoning as above using that p; ; are ring homomorphisms.
We need to show the additional ring structure. Let a € A;,,b € A;, and ¢ € A,,. Firstly,

([a] % [8]) x [e] Z [piy,5 (@) X Pi 3 (B)] X [e] 2 [pje(pis.j (@) X Piy 5 (1)) X Pig,p(€)]
= [piy k(@) X Piy k(D) X pig,k(c)] = [Prk(Piy k(@) X Prk(Pin, k() X iy k()]
= [Pir k()] X [Piy, k(D) X iy k()] = [a] x ([0] x [¢]).

Now we show it is distributive, let a, b, ¢ be as above. By an argument of a similar nature we can conclude that
([a]4[0]) x [¢] = [a]x[c]+][b] x[c]. Similar to commutativity of the addition, commutativity of the multiplication
is obvious. Also the identity is [1]. Finally, that p; is a ring homomorphism follows from p; being a group
homomorphism and the fact aht for a,b € A;, p;(a xb) = [a x b] = [p;;(a) x p; i(b)] = [a] x [b] = p;(a) x p;(D).
(e) The direct limit has the following universal property Assume the hypothesis in (c). For all,j € T

RN

Ai ——— 4

such that ¢ < j the diagram,

commuting (with C' abelian group) implies that there exists a unique group homomorphism ¢ : for all i € I,
the diagram,

commutes.
We define ¢ : A — C, [a] — ¢;(a) where since [a] € A, there exists an ¢ € I such that a € A;. We show
this is well-defined, let a ~ b with a € A; and b € A;. Since a ~ b, there exists a k such that p; (a) = p; (D)
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and a ~ p; (a) hence,

o([a]) = o([pir(a)]) = x(pir(a)) = ex(Psr(b) = @ (pjr(0)]) = @ ([b]).

Now we prove that this is a grouphomomorphism. Let [a], [0] € A and a € A;,b € A;. Then,

wlla] + ) Z o([pik(@) + ik (B)]) = @r(pi(@) + psx (b)) = @r(pin(0)) + 9 (pin (b)) = ¢(la]) + ([b]).

So ¢ is indeed a group homomorphism. Finally, we show ¢ o p; = ; for all i € I. Let a € A; for some ¢,
then ¢ o p;(a) = ¢([a]) = pi(a). A

We can in fact extend this to directed systems of modules using similar reasoning (as posited in exercise
10.4.25 in [3)).

Lemma B.1.5. The direct limit preserves exactness.

Proof. Proof by author with inspiration from stackexchange [15]. Well let (A;, fi ;), (Bi, gi,;) and (Cy, h; ;)
be directed systems such that,
A; 25 B, 5 o

is exact in B; for all i € I. Then we want to show that,

. © . Yoo,
is exact in liquz- where ¢ = ligupz- and ¢ = hgﬂ/)z
Claim 1. im ¢ = ker 1.

Let = € ker then there exists an ¢ € I such that z; € B; and g;(z;) = z. So [0] = ¥([x:]) = [Wi(x;)].
Thus there exists a j > i such that h; j(1;(z;)) = 0. Since h; j9 =1 og; ;, gi j(x;) € ker1; so g; j(x;) € im ;.
So there exists a y; € A; such that ¢;(y;) = ¢:,;(x;). Now

lp; ()] = e(ly;]) = [9i,5(z:)] = =.

So x € im .
Now let z € imp. Then z = (y) for some y € @Ai so there exists an i € I such that z = ¢([y;]) =
[0i(y:)]- Now (x) = ¥([pi(yi)]) = [¢i o wi(y:)] = [0], hence x € kert). So the direct limit indeed preserves

exactness.
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